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CHAPTER GOALS
Among the questions we will answer are the following:

1. What are solutions, and what factors affect solubility?
HE 6oAL: Be able to define the different kinds of mix-
tures and explain the influence on solubility of solvent
and solute structure, temperature, and pressure.

2. How is the concentration of a solution expressed?
THE GoAL: Be able to define, use, and convert between
the most common ways of expressing solution
concentrations.

3, How are dilutions carried out?
THE GOAL: Be able to calculate the concentration of a solu-

tion prepared by dilution and explain how to make a
desired dilution.

4. What is an electrolyte?
THE GoaL: Be able to recognize strong and weak elec-
trolytes and nonelectrolytes, and express electrolyte
concentrations.

5. How do solutions differ from pure solvents in their behavior?
THE GOAL: Be able to explain vapor pressure lowering,
boiling point elevation, and freezing point depression
for solutions.

6. What is osmosis?
THE GOAL: Be able to describe osmosis and some of its
applications.

p to this point, we have been concerned primarily with pure substances,
both elements and compounds. In day-to-day life, however, most of the
materials we come in contact with are mixtures. Air, for example, is
a gaseous mixture of primarily oxygen and nitrogen; blood is a liquid
mixture of many different components; and many rocks are solid mixtures of differ-
ent minerals. In this chapter, we look closely at the characteristics and properties of
mixtures, with particular attention to the uniform mixtures we call solutions.

9.1 Mixtures and Solutions

As we saw in Section 1.3, a mixture is an intimate combination of two or more sub-
stances, both of which retain their chemical identities. (CI30, p. 6) Mixtures can be
classified as either heterogeneous or homogeneous as indicated in Figure 9.1, depend-

ing on their appearance. Heterogeneous mixtures are those in which the mixing is

Matter

Are properties and
composition constant?

No I

Heterogeneous mixture A nonuni-
form mixture that has regions of dif-
ferent composition.

Yes

Physical change

= |

Heterogeneous Homogeneous i
mixtures mixtures

<« FIGURE 9.1 Classification of
mixtures. The components in het-
erogeneous mixtures are not uniform-
ly mixed, and the composition varies
with location. In homogeneous mix-
tures, the components are uniformly
mixed at the molecular level.
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Homogeneous mixture A uni-
form mixture that has the same
composition throughout.

Solution A homogeneous mixture
that contains particles the size of a
typical ion or small molecule.

Colloid A homogeneous mixture
that contains particles that range in
diameter from 2 to 500 nm.
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A (3) Wine is a solution of dissolved molecules, and (b) milk is a colloid with fine particles that
do not separate out on standing. (c) An aerosol spray, by contrast, is a heterogeneous mixture
of small particles visible to the naked eye.

Liquid solutions, colloids, and heterogeneous mixtures can be distinguished in
several ways. For example, liquid solutions are transparent (although they may be
colored). Colloids may appear transparent if the particle size is small, but they have
a murky or opaque appearance if the particle size is larger. Neither solutions nor
small-particle colloids separate on standing, and the particles in both are too small
to be removed by filtration. Heterogeneous mixtures and large-particle colloids,
also known as “suspensions,” are murky and opaque and their particles will slowly
settle on prolonged standing. House paint is an example.

Table 9.1 gives some examples of solutions, colloids, and heterogeneous mix-
tures. It is interesting to note that blood has characteristics of all three. About 45%

TABLE 9.1 Some Characteristics of Solutions, Colloids, and Heterogeneous Mixtures
TYPE OF MIXTURE

PARTICLE SIZE EXAMPLES CHARACTERISTICS
Solution <2.0nm Air, seawater, Transparent to light; does
gasoline, wine not separate on standing’
nonfilterable
Colloid 2.0-500 nm Butter, milk, Often murky or opaque
fog, pearl light; does not separate O
standing; nonfilterable
Heterogeneous >500 nm Blood, paint, Murky or opaque to light

aerosol sprays separates on standing

filterable
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e P ; at the crystal surface come into contact with POIE’T water molecules, Posity, )
Liquid in liqui Gasoline (mixture of hydrocarbons) charged Na* ions are attracted to the negatively polarized oxygen of water, and ney
Liquid in solid Dental amalgam (mercury in silver) atively charged Cl ions are attracted to the positively polarized hydrogens. The c(,; g
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vent molecules around a dissolved  cules form a loose shell around the ions, stabilizing them by electrical attraction,
PROBLEM 9.1 solute molecule or ion.
Classify the following liquid mixtures as heterogeneous or homogeneous.
Further classify each homogeneous mixture as a solution or colloid.
(a) Orange juice (b) Apple juice
(¢) Hand lotion (d) Tea

9.2 The Solution Process

What determines whether a substance is soluble in a given liquid? Solubility
depends primarily on the strength of the attractions between solute and solvent
particles relative to the strengths of the attractions within the pure substances. Ethyl
alcohol is soluble in water, for example, because hydrogen bonding (Section 8.11) is
nearly as strong between water and ethyl alcohol molecules as it is between water
molecules alone or ethyl alcohol molecules alone. (CI30, p. 238)

A FIGURE 9.2 Di5§9lution of an NaCl crystal in water. Polar water molecules surround the
individual Na™ and ClI ions at an exposed edge or corner, pulling them from the crystal surface
into solution and surrounding them. Note how the negatively polarized oxygens of water mole-

Shlvant cules cluster around Na* ions and the positively polarized hydrogens cluster around CI™ ions

The dissolution of a solute in a solvent is a physical change since the solution
components retain their chemical identities. Like all chemical and physical changes,
the dissolution of a substance in a solvent has associated with it a heat change, or
enthalpy change (Section 7.2). (DD, p- 184) Some substances dissolve exothermi-

\ Solvent <{_ Solvent -
= = === o CZ.th, releasing heat and warming the resultant solution, whereas other substances
dlsso'lve endothermically, absorbing heat and cooling the resultant solution. Calcium
chloride, for example, releases 19.4 kcal/mol of heat energy when it dissolves in
E Solutions form when these water, but ammonium nitrate (NH4N03) absorbs 6.1 kcai/mol of heat energy:
| Do g T e e A Instant cold packs used to treat sat?lietes ;:\nldd othekrs ttake advantage of both situations when they use instant ho;
| S Or co. acks to treat injuri e o
i A good rule of thumb for predigt'mg solubility is that “like di.ssolves. like,” ;:I;/S;rfasgtreamso? n(:hse? ralgjc;)(?tir;rtrar:s water and a dF;y Chemical,t :\\x]cu}:l;: g;)g}»hgrt ?\il‘dScOOIdf Pa;ks ConiSt Ofc? 'P:T(l)‘;lil\%
| meaning that substances with similar intermolecular forces form solutions with one enthalpy of a solution of salts suchas  for cold packs. Squeezing the pack breaks the ¢ hql preant pacss on I ! ;the;
| another, whereas substances with different intermolecular forces do not (Section 8.11). ammonium nitrate. raising or lowering the i e pouch and the solid dissolves,
| (€D, p. 235)
i D —————— J




LECUDC TSP 9.1 Formation of Solutions

Which of the following pairs of substances would you expect to form solutions?
(@) Carbon tetrachloride (CCl,) and hexane (CeH
(b) Octane (CgH,g) and methyl alcohol (CH;OH).

14)-

ANAleSIS Identify the kind§ of intermolecular forces in each substance
(Section 8.11). Substances with similar intermolecular forces tend to form
solutions.

SOLUTION

(@) Hexane contains only C—H and C— C bonds, which are nonpolar.
Carbon tetrachloride contains polar C—Cl bonds, but they are dis-
tributed symmetrically in the tetrahedral molecule so that it too is
nonpolar. The major intermolecular force for both compounds is
London dispersion forces, so they will form a solution.

(b) Octane contains only C—H and C—C bonds and so is nonpolar;
the major intermolecular force is dispersion. Methyl alcohol contains
polar C—O and O—H bonds; it is polar and forms hydrogen bonds.
The intermolecular forces for the two substances are so dissimilar that
they do not form a solution.

PROBLEM 9.2

Which of the following pairs of substances would you expect to form
solutions?

(@) CCly and water

(b) Benzene (C4Hg) and MgSO,

(c) Hexane (CgH;4) and heptane (C;H;)

(d) Ethyl alcohol (C;HsOH) and heptanol (C;H;50H)

9.3 Solid Hydrates

Some ionic compounds attract water strongly enough to hold onto water molecules
even when crystalline, forming what are called solid hydrates. For example, the plas-
ter of Paris used to make decorative objects and casts for broken limbs is calcium
sulfate hemihydrate, CaSOy - %HZOA The dot between CaSO, and %HZO in the for-
mula indicates that for every two CaSO, formula units in the crystal there is also
one water molecule present.

CaS0,+3H,0 A solid hydrate

After being ground up and mixed with water to make plaster, CaSOy%HgO
gradually changes into the crystalline dihydrate CaSO, -2 HyO, known as gypsum.
During the change, the plaster hardens and expands in volume, causing it to fill a
nold or shape itself closely around a broken limb. Table 9.3 lists some other ionic
:ompounds that are handled primarily as hydrates.

Still other ionic compounds attract water so strongly that they pull water vapor
rom humid air to become hydrated. Compounds that show this behavior, such as
alcium chloride (CaCly), are called hygroscopic and are often used as drying
gents. You might have noticed a small bag of a hygroscopic compound (probably
ilica gel, SiO, ) included in the packing material of a new MP3 player, camera, or
ther electronic device to keep humidity low during shipping.
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Hygroscopic Having the ability
to pull water molecules from the

surrounding atmosphere.

A Plaster of Paris (CaSO,-2H,0)
slowly turns into gybsum
(CaS04-2H,0) when added to
water. In so doing, the plaster hardens
and expands, causing it to fill a mold.
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Miscible Mutually soluble in all
proportions.

Saturated solution A solution
that contains the maximum amount
of dissolved solute at equilibrium.

Solubility The maximum amount
of a substance that will dissolve in a
given amount of solvent at a speci-
fied temperature.

~N

TABLE9.3 Some Common Solid Hydrates

USES

FORMULA NAME ‘ &3
AlCl, -6 H,O Aluminum chloride hexahydrate Antiperspirant \
CaSOy4-2 H,O Calcium sulfate dihydrate (gypsum)  Cements, wallp, =,

adUy 2 ihvdrat e mold Molg,
CaS0y-2H,0 Calcium sulfate hemihydrate 3 .

e i (plaster of Paris)

drate Pesticide, germicig

* g Copper(Il) sulfate pentahy : micide,
CuSO, -5 H0 (blﬁsvitriol) topical fungicide
MgS0; 7 H,0 Magnesium sulfate heptahydrate Laxative, anticon, ol

(epsom salts)

NaB,0;+10H,0  Sodium tetraborate decahydrate
(borax)

Na;$,0;:5H,0  Sodium thiosulfate pentahydrate
(hypo)

Cleaning Compounds
fireproofing agent

Photographic fixer

PROBLEM 9.3
Write the formula of sodium sulfate decahydrate, known as Glauber’s salt
and used as a laxative.

PROBLEM 9.4
What masses of Glauber’s salt must be used to provide 1.00 mol of sodium
sulfate?

9.4 Solubility

We saw in Section 9.2 that ethyl alcohol is soluble in water because hydrogen bong-
ing is nearly as strong between water and ethyl alcohol molecules as it is between
water molecules alone or ethyl alcohol molecules alone. So similar are the forces in
this particular case, in fact, that the two liquids are miscible, or mutually solublein
all proportions. Ethyl alcohol will continue to dissolve in water no matter how
much is added.

Most substances, however, reach a solubility limit beyond which no more will
dissolve in solution. Imagine, for instance that you are asked to prepare a saline
solution (aqueous NaCl). You might measure out some water, add solid NaCl, and
stir the mixture. Dissolution occurs rapidly at first but then slows down as more
and more NaCl is added. Eventually the dissolution stops because an equilibrium
is reached when the numbers of Na” and CI” ions leaving a crystal and going into
solution are equal to the numbers of ions returning from solution to the crystal. At
this point, the solution is said to be saturated. A maximum of 35.8 g of NaCl wil
dissolve in 100 mL of water at 20 °C. Any amount above this limit simply sinks ©
the bottom of the container and sits there.

The equilibrium reached by a saturated solution is like the equilibrium reached
by a reversible reaction (Section 7.7). (C3D), p. 198) Both are dynamic situations It
which no apparent change occurs because the rates of forward and backward
processes are equal. Solute particles leave the solid surface and reenter the soid
from solution at the same rate.

; Dissolve
Solid solute €————> Solution
Crystallize

The maximum amount of a substance that will dissolve in a given amount ofa
solvent at a given temperature, usually expressed in grams per 100 mL (g 100 mL

is called the substance’s solubility. Solubility is a characteristic property of 2 spedfc
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,olute—solvgm combination, and different substances have greatly differing solubil-
jties. Only 9.6 g of sodium hydrogen carbonate will dissolve in 100 mL of water at

20 °C, for instance, but 204 g of sucrose will dissolve under the same conditions.

- 9.5 The Effect of Temperature on Solubility

51 As anyone who has ever made tea or coffee knows, temperature often has a dramatic
ef.fect on S({]ub‘llty- The compounds in tea leaves or coffee beans, for instance,
dissolve easily in hot water but not in cold water, The effect of temperature is differ-

ent for every substance, however, and is usually unpredictable. As shown in

~ Figure 9.3(a), the solubilities of most molecular and ionic solids increase with increas-

ing temperature, but the solubilities of others (NaCl) are almost unchanged, and the
solubilities of still others [Cex(SOy)3] decrease with increasing temperature.

So]idSA that are more soluble at high temperature than at low temperature
can sometimes form what are called supersaturated solutions, which contain even

- more solute than a saturated solution. Suppose, for instance, that a large amount of

a substance is dissolved at a high temperature. As the solution cools, the solubility
decreases and the excess solute should precipitate to maintain equilibrium. But if

£
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Supersaturated solution A solu-
tion that contains more than the
maximum amount of dissolved
solute; a nonequilibrium situation.

<« FIGURE 9.3 Solubilities of
some (a) solids and (b) gases, in
water as a function of temperature.
Most solid substances become more
soluble as temperature rises (although
the exact relationship is usually com-
plex), while the solubility of gases
decreases.
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Unlike solids, the influence of temperature on the solubility of

predictable: Addition of heat decreases the so}ubility of most gases, asg.ases i
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T T 9.2 Solubility of Gases: Effect of Temperature
From the following graph of solubility versus terr:perature for O,, estimate the
§ o
A FIGURE 9.4 A supersaturated concentration of dissolved oxygen in water a,t 5 hy What pe,.
solution of sodium acetate in water. centage does the concentration of O change?
When a tiny seed crystal is added, P
larger crystals rapidly grow and pre-
Cipitate from the solution until equilib-
rium is reached.

Temperature (°C)

ANALYSIS The solubility of O, (on the y-axis) can be determined by finding the

appropriate temperature (on the x-axis) and extrapolating. The percent change
is calculated as

(Solubility at 25 °C) — (Solubility at 35 °C)
(Solubility at 25 °C) i

SOLUTION

From the graph we estimate that the solubility of O, at 25 °C is approximately
8.3 mg/L and at 35 °C is 7.0 mg/L. The percent change in solubility is
83 -70
83

X 100 = 16%
PROBLEM 9.5

Look at the graph of solubility versus temperature in Figure 9.3, and estimate
the solubility of KBr in water at 50 °C in g/100 mL.

9.6 The Effect of Pressure on Solubility: Henry’s Law

Pressure h_as virtually no effect on the solubility of a solid or liquid, but it hd»"
a strong effect on the solubility of a gas. According to Henry's law, the solubility
(or concentration) of a gas in a liquid is directly proportional to the partial pressur®

e
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(a) Equilibrium

(b) Pressure increase (c) Equilibrium restored

of the gas over theiliquid. (Recall from Section 8.10 that each gas in a mixture exerts
a partial pressure independent of other gases present (CECID, p- 233). If the partial
pressure of the gas doubles, solubility doubles; if the gas pressure is halved, solu-
bility is halved (Figure 9.5).

Henry’s law  The solubility (or concentration) of a gas is directly proportional
to the partial pressure of the gas if the temperature is constant. That is,
concentration (C) divided by pressure (P) is constant when T is constant,

or =k (Ata constant temperature)

Pgas

Henry’s law can be explained using Le Chatelier’s principle (Section 7.9), which
states that when a system at equilibrium is placed under stress, the equilibrium
shifts to relieve that stress. (CI3D, p. 203) In the case of a saturated solution of a gas
ina liquid, an equilibrium exists whereby gas molecules enter and leave the solution
at the same rate. When the system is stressed by increasing the pressure of the gas,
more gas molecules go into solution to relieve that increase. Conversely, when the
pressure of the gas is decreased, more gas molecules come out of solution to relieve
the decrease.

[Pressure ——>]
Gas + Solvent <= Solution

As an example of Henry’s law in action, think about the fizzing that occurs
when you open a bottle of soft drink or champagne. The bottle is sealed under
greater than 1 atm of CO, pressure, causing some of the CO, to dissolve. When the
bottle is opened, however, CO; pressure drops and gas comes fizzing out of solution.

Writing Henry’s law in the form Pgas = C /k shows that partial pressure can be
used to express the concentration of a gas in a solution, a practice especially com-
mon in health-related sciences. Table 9.4 gives some typical values and illustrates the
convenience of having the same unit for concentration of a gas in both air and blood.

TABLE 9.4 Partial Pressures and Normal Gas Concentrations in Body Fluids

PARTIAL PRESSURE (mmHg)

SAMPLE P, Po, Pco, e
Inspired air (dry) 597 159 0.3 3.7
Alveolar air (saturated) 573 100 40 47
Expired air (saturated) 569 116 28 47
Arterial blood 573 95 40
Venous blood 573 40 45

573 40 45

Peripheral tissues

< FIGURE 9.5 Henry’s law. The
solubility of a gas is directly propor-
tional to its partial pressure. An
increase in pressure causes more gas
molecules to enter solution until equi-
librium is restored between the dis-
solved and undissolved gas.

A The CO, gas dissolved under
pressure comes out of solution when
the bottle is opened and the pressure
drops.
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Worked Example 9.3 gives an illustration of how to t Juation,

ML VIR 9.3 Solubility of Gases: Henry's Law

Ata pfartial pressure of oxygen in the atmosphere of 159 mmHg, the solubility of OXYSEN. in blood is 0.44 g /10 mL,
What is the solubility of oxygen in blood at 11,000 ft, where the partial pressure of O, is 56 mmHg? :
ANALYSIS According to Henry’s law, the solubility of the gas divided by its pressure is constant:

G_%

15 e
Of the four variables in this equation, we know P;, Cj, and P,, and we need to find Cy.
BALLPARK ESTIMATE The pressure drops by a factor of about 3 (from 159 mmHg to 56 mmHg). Since the ratio of

solubility to pressure is constant, the solubility must also drop by a factor of 3 (from 0.44 /100 mL to aboy
0.15 g/100 mL).

SOLUTION

STEP 1: Identify known information. We

Py = 159 mmHg
have values for Py, C;, and P,.

Cy = 0.44 g/100 mL
P; = 56 mmHg

STEP 2: Identify answer and units. We are

2 Solubility of Oy, C; = 72 g/100 mL
looking for the solubility of O, (C,) at a partial : g i

pressure P,.

STEP 3: Identify conversion factors or equa- G & CyP,

tions. In this case, we restate Henry’s law to P i =2C= P ¥
2 1

solve for C,.

STEP 4: Solve, Substitute the known values

n , (044 g/ y mmHg
into the equation and calculate C,. G = £ = ‘(MML ?

P, 159 Hg = = 0.15¢/100 mL
BALLPARK CHECK: The calculated answer matches our estimate.

PROBLEM 9.6

At 20 °C and a partial pressure of 760 mmHg, the solubility of CO, in water
is 0.169 g/100 mL. What is the solubility of CO, at 2.5 x 10* mmH-g?

PROBLEM 9.7

Ata total atmospheric pressure of 1,00
is approximately 4.0 X 107*
solubility of CO, in an open

JU atm, the partial pressure of CO, in air
atm. Using the data in Problem 9.6, what is the

bottle of seltzer water at 20:2@?
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0.7 ynits of Concentration

SECT

ough we speak casually of a solution of, say, orange juice as either “dilute” or
Alth entrated,” laboratory work usually requires an exact knowledge of a solu-
S concentration. As indicated in Table 9.5, there are several common methods
4o xpressing concentration. The units differ, but all the methods describe how

for n solute is present in a given quantity of solution.

muC
TABLE 9.5 Some Units for Expressing Concentration
CONCENTRATION ERSPRE SOLUTE MEASURE SOLUTION MEASURE
olarity, M Moles Volume (L)
weight/ volume percent, (w/v)% Weight (g) Volume (mL)
VOlumE/ volume percent, (v/v)% Volume* Volume*
parts Per million, ppm Parts* 10° parts*

Ay units can be used as long as they are the same for both solute and solution.
*Any i

Let us look at each of the four concentration measures listed in Table 9.5 indi-
vidually, beginning with molarity.

Mole/Volume Concentration: Molarity

We saw in Chapter 6 that the various relationships between amounts of reactants
and products in chemical reactions are calculated in moles (Sections 6.4-6.6). Thu_s,
the most generally useful means of expressing concentration in the laboratory is
molarity (M), the number of moles of solute dissolved per liter of solution. For exam-

le, a solution made by dissolving 1.00 mol (58.5 g) of NaCl in enough water to give
1,00 L of solution has a concentration of 1.00 mol/L, or 1.00 M. The molarity of any
solution is found by dividing the number of moles of solute by the number of liters
of solution (solute + solvent):

Moles of solute

itv (M) =
Molarity (M) Liters of solution

Note that a solution of a given molarity is prepared by dissolving the solute
in enough solvent to give a final solution volume of 1.00 L, not by dissolving it in an
initial volume of 1.00 L. If an initial volume of 1.00 L were used, the final solution
volume might be a bit larger than 1.00 L because of the additional volume of the
solute. In practice, the appropriate amount of solute is weighed and placgd in a
volumetric flask, as shown in Figure 9.6. Enough solvent is then added to dissolve
the solute, and further solvent is added until an accurately calibrated final volume
is reached. The solution is then shaken until it is uniformly mixed.
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<« FIGURE 9.6 Preparing a solu-
tion of known molarity. (a) A
measured number of moles of solute
is placed in a volumetric flask.
(b) Enough solvent is added to
dissolve the solute by swirling.
(c) Further solvent is carefully added
until the calibration mark on the neck
of the flask is reached, and the solu-
tion is shaken until uniform.
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N anibe s O e
Molarity can be used as a conversion factor to relate the volume of a solution to
the number of moles of solute it contains, If w
soluhonf, WT Ctrm CGJCL‘llatc the number of moles of solute. If we know the number of
o S o 1ty ( .
moles of solute and the molarity of the solution, we can find the solution’s volume.
Vo

; For the balanced equation:
e know the molarity and volume of a a5 HB 5 L,(q-H, D

lume of

Nlolarity N M'OICS Of;’(ﬂq@ —— solution of A Ciren

Volume of solution (L) Use molarity as

Moles of so = 3 . <«——— a conversion

solute Molarity X Volume of solution e
Volume of solution = Moles of solute Moles of A

Mularity - sl Use coefficients
i« k¥ B in the balanced
The flow diagram in Figure 9.7 shows how molarity is used in calculating the cq:;qur:‘ ::: B

oOle ratios.

quantities of reactants or products in a chemical reaction, and Worked Examples 9.5
and 9.6 show how the calculations are done. Note that Problem 9.10 employs
millimolar (mM) concentrations, which are useful in healthcare fields for expressing

Moles of B

Use molarity as
~———— aconversion

Jow concentrations such as are often found in body fluids (1 mM = 0.001 M). factor.
< Volume of
» FIGURE 9.7 Molarity and conversions. A flow diagram summarizing the use of molarity solution of B ad

for conversions between solution volume and moles to find quantities of reactants and products
for chemical reactions in solution.

LI S C IS e 9-4 Solution Concentration: Molarity

What is the molarity of a solution made by dissolving 2.355 g of sulfuric acid (H,SO4) in water and diluting to a final

volume of 50.0 mL? The molar mass of H,SO; is 98.1 g/mol.

ANALYSIS Molarity is defined as moles of solute per liter of solution: M = mol/L. Thus, we

must first find the num-

ber of moles of sulfuric acid by doing a mass to mole conversion, and then divide the number of moles by the vol-

ume of the solution.

BALLPARK ESTIMATE The molar mass of sulfuric acid is about 100 g/mol, so 2.355 g is rou,

ghly 0.025 mol. The vol-

ume of the solution is 50.0 mL, or 0.05 L, so we have about 0.025 mol of acid in 0.05 L of solution, which is a concen-

tration of about 0.5 M.

SOLUTION

steP 1: Identify known information. We know the Mass of HySO4 = 2.355 g
mass of sulfuric acid and the final volume of solution.

sTep 2: Identify answer including units. We need to 3 Moles H,SO4
find the molarity (M) in units of moles per liter. Molarity = TR e
steP 3: Identify conversion factors and equations. 1 mol H,SO,4
We know both the amount of solute and the volume (2355 g-H,505) 98.1 g FS0;

of solution, but first we must make two conversions:

1000 mE

Volume of solution = 50.0 mL

) = 0.0240 mol H,SO;

convert mass of H,SOj to moles of H,SO;, using molar (50.0 mt)( 1 ) — 0.0500L

mass as a conversion factor, and convert volume from
milliliters to liters:

STEP 4: Solve. Substitute the moles of solute and X 0.0240 mol H,SO4
volume of solution into the molarity expression. Molarity = 0.0500 L

BALLPARK CHECK: The calculated answer is close to our estimate, which was 0.5 M.

TG NI 9.5 Molarity as Conversion Factor: Molarity to Mass

Ablood concentration of 0.065 M ethyl alcohol (EtOH) is sufficient to induce a
coma. At this concentration, what is the total mass of alcohol (in grams) in an
adult male whose total blood volume is 5.6 L? The molar mass of ethyl alcohol
is 46.0 g/mol. (Refer to the flow diagram in Figure 9.7 to identify which con-

versions are needed.)

—

= 0480 M
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ANALYSIS We are given a molarity (0.065 M) and a volume (5.6 L), yp;

us to calculate the number of moles of
version then gives the mass of alcohol.

Find

Volumeof ___,. Molesof ass of
] EtOH EtOH
blo"d,,, — P \ D

Given

e

Use molar mass as a

Use molarity as a ;
conversion factor

conversion factor

SOLUTION

561 b,m)(/——"-"‘f ol E‘OH) = 0.36 mol EtOH

“'OgEtOH) = 17 g EtOH
(0.36mel—Et6H)( e 8

AT G e\ 10l 9.6 Molarity as Conversion Factor: Molarity to Volume

In our stomachs, gastric juice that is about 0.1 M in HCl aids in digestion, How
many milliliters of gastric juice will react completely with an antacid tablet that
contains 500 mg of magnesium hydroxide? The molar mass of Mg(OH), i
58.3 g/mol, and the balanced equation is

2 HCl(ag) + Mg(OH)a(ag) — MgCly(aq) + 2 H,O())

ANALYSIS We are given the molarity of HCI and need to find the volume,
We first convert the mass of Mg(OH), to moles and then use the coefficients
in the balanced equation to find the moles of HCI that will react. Once we have
the moles of HCI and the molarity in moles per liter, we can find the volume,
These conversions are summarized in the following flow diagram.

Given Find

Massof - Molesof | Veiumed"
— 3 OH), v i
Mg(OH), | P aﬁ \ Ha
Use molar mass as a Use mole ratios as a Use molarity as a
conversion factor. conversion factor. conversion factor.
SOLUTION
1g 1 mol Mg(OH),
500 =
[ mg—Mg(GHE](mOO mg)[ 583 g—Mg(OHTJ 0.008 58 mol Mg(OH),
2 mel-HC1 1L HCI
[0.008 58 [ ]( ) =
mol- Mg(OH); | 1 > \oa 0.2 L (200 mL)

PROBLEM 9.8

What is the molarity of a solution that contains 50.0 g of vitamin B
hydrochloride (molar mass = 337 g/mol) in 160 mL of solution?

PROBLEM 9.9
How many moles of solute are present in the following solutions?

(@ 175 mL of 0.35 M NaNO, () 480 mL of 1.4 M HNOs

alcohol in the blood. A mole , m'; allgyg
SS ¢

8
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PROBLEM 9.10

The concentration of cholesterol (C,.H i ; ;
: : 27H460) in blood is approximatel
5.0 mM. How many grams of cholesterol are in 250 mL. of blooggj “

PROBLEM 9.11

What mass (in grams) of calcium carbonate is need
; ed to react completel
with 65 mL of 0.12 M HCl according to the following equation? B

2 HCl(aq) + CaCO4(aq) — CaCly(ag) + HyO(l) + CO(g)

Weight/Volume Percent Concentration, (W/v)%

One of the most common methods for expressing percent concentration is to give
the number of grams (weight) as a percentage of the number of milliliters (volume)
of the final solution—called the weight/volume percent concentration, (w/v)%.
Mathematically, (w/v)% concentration is found by taking the number of ,grams of
solute per milliliter of solution and multiplying by 100%:

| Mass of solute (g)

(w/v)% concentration = X 100%

Volume of solution (mL)

For example, if 15 g of glucose is dissolved in enough water to give 100 mL of solu-
tion, the glucose concentration is 15 g/100 mL or 15% (w/v):

| 15 g glucose

| 100 mL solution X0 St T/

To prepare 100 mL of a specific weight/volume solution, the weighed solute is
dissolved in just enough solvent to give a final volume of 100 mL, not in an initial vol-
ume of 100 mL solvent. (If the solute is dissolved in 100 mL of solvent, the final vol-
ume of the solution will likely be a bit larger than 100 mL, since the volume of the
solute is included.) In practice, solutions are prepared using a volumetric flask, as
shown previously in Figure 9.5. Worked Example 9.7 illustrates how weight/volume
percent concentration is found from a known mass and volume of solution.

\UNCHERCVT R 9.7 Solution Concentration: Weight/Volume Percent
A solution of heparin sodium, an anticoagulant for blood, contains 1.8 g of

heparin sodium dissolved to make a final volume of 15 mL of solution. What is
the weight/volume percent concentration of this solution?

ANALYSIS Weight/volume percent concentration is defined as the mass of the
solute in grams divicied by the volume of solution in milliliters and multiplied
by 100%.

BALLPARK ESTIMATE The mass of solute (1.8 g) is smaller than the volume of
| solvent (15 mL) by a little less than a factor of 10. The weight/volume percent
| should thus be a little greater than 10%.

| SOLUTION
1.8 g heparin sodium
(w/v)% concentration = ’_g%r X 100% = 12% (w/V)

BALLPARK CHECK: The calculated (w/v)% is reasonably close to our original
estimate of 10%.

B
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|

WORKED EXAMPLE X3 Weight/ Volume Percent as Conversion Fauhd
Volume to Mass

How many grams of NaCl are needed to prepare 250 mL of a 1.5% (W/v) Sa“ne

solution?
a concentration and a volume, and we need tq find the

ANALYSIS are given /
We are g g the equation for (w/v)% concentration,

mass of solute by rearrangin
/

BALLPARK ESTIMATE The desired (w/v)% value, 1.5%, is be(f:veen Land 3,
For a volume of 250 mL, we would need 2.5 g of solute fgr al% (W/v) solyg; %
and 5.0 g of solute for a 2% solution. Thus, for our 1.5% solution, we negq 4

mass midway between 2.5 and 5.0 g, or about 38g.

SOLUTION
Mass of solute in g

: o = ————— X 100%
Since /Rl 5 Volume of solution in mL

(Volume of solution in mL)[(w /v)]%
then Mass of solute in g = 100%
_ (250)(1.5%)
~ 100%
(2 significant figures)

=375g = 3.8gNaCl

BALLPARK CHECK: The calculated answer matches our estimate.

MO CV TRl 9.9 Weight/Volume Percent as Conversion Factor:
Mass to Volume

How many milliliters of a 0.75% (w/v) solution of the food preservative sodium
benzoate are needed to obtain 45 mg?

ANALYSIS We are given a concentration and a mass, and we need to find the
volume of solution by rearranging the equation for (w/v)% concentration.
Remember that 45 mg = 0.045 g.

BALLPARK ESTIMATE A 0.75% (w/v) solution contains 0.75 g (750 mg) for every
100 mL of solution, so 10 mL contains 75 mg. To obtain 45 mg, we need a little
more than half this volume, or a little more than 5 mL.
SOLUTION
M. f i
Since (W/v)% = e olalt g X 100%
Volume of solution in mL

(Mass of solute in g)(100%)

(w/v)%
_ (0.045 g)(100%)
om0

BALLPARK CHECK: The calculated answer is consistent with our estimate of @
little more than 5 mL.

then Volume of solution in mL =

6.0 mL

PROBLEM 9.12

In clinical lab reports, some concentrations are given in mg/dL. Convert

Ca®" concentration of 8.6 mg/dL to weight/volume percent.

—
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pROBLEM 9.13

What 15 thf Wf?lghtl/ \:;)lurpe percent concentration of a solution that contains
23 g of potassium iodide in 350 m[, of aqueous solution?

pROBLEM 9.14

How many grams of solute are needed to prepare the following solutions?
(@ 125.0mL of 16% (w/v) glucose (CeH1,04)
(b) 65 mL of 1.8% (w/v) KCI

VOhlme/Volume Percent Concentration, (v/v)%

The Concentratior_l of a solution made by dissolving one liquid in another is often
given by expressing the volume of solute as a percentage of the volume of final
goluﬁon"the volume/volume percent concentration, (v/v)%. Mathematically, the vol-
ume of the solute (usually in milliliters) per milliliter of solution is multiplied by 100%:

(v/v)% concentration = —Elu—mw— X 100%
Volume of solution (mL)

For example, if 10:0 mL of ethyl alcohol is dissolved in enough water to give
100.0 mL of solution, the ethyl alcohol concentration is (10.0 mL/100.0 mL) x
100% = 10.0% (v/v).

TN COEDEV IR 9.10 Volume Percent: Volume of Solution to Volume
of Solute

How many milliliters of methyl alcohol are needed to prepare 75 mL of a 5.0%
(v/v) solution?

ANALYSIS We are given a solution volume (75 mL) and a concentration [5.0%
(v/v), meaning 5.0 mL solute/100 mL solution]. The concentration acts as a |
conversion factor for finding the amount of methyl alcohol needed.

BALLPARK ESTIMATE A 5% (v/v) solution contains 5 mL of solute in 100 mL of
solution, so the amount of solute in 75 mL of solution must be about three-
fourths of 5 mL, which means between 3 and 4 mL.

SOLUTION

0 mL methyl alcohol
5 mmm(ig%@——— Iey ]m:lo ) = 3.8 mL methyl alcohol

BALLPARK CHECK: The calculated answer is consistent with our estimate of
between 3 and 4 mL.

PROBLEM 9.15
How would you use a 500.0 mL volumetric flask to prepare a 7.5% (v/v) solu-
tion of acetic acid in water?

PROBLEM 9.16
What volume of solute (in milliliters) is needed to prepare the following
solutions?

(a) 100 mL of 22% (v/v) ethyl alcohol (b) 150 mL of 12% (v/v) acetic acid
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~

Parts per Million (ppm) 5
RIS por l olume percent, (W/V)%, and vy,

5 its weight/V .
B umlth ?U?(I‘fir/\cd as parts per hundred(pph) since ]../m(/ vo]lJm
. )%, ¢ 0 be d ; : © Mg, e
bercent, (v/v)%, can also be el s 1L as o €q
F , (V/V) on concentrations are very smat, a ften oceyyg s Ong

i i S / ‘T
it"l?l"l fr:i(lg(:r::i:;:s L\v\f l;mllumms or contaminanltls/ l:tl:-”nz?rflt‘ tf:]'w Venient g, us(f‘aljng
per million (ppm) or parts per billion (ppb)- Thcl }:a o “01\' % tm “‘ny unit of J,)a’h
mass or volume as long as the units of both solute and solvent are h Samg, ithe,
_Volume of ‘“’lﬂ(mL)

Volume of solutiOn(\m]:)' X 106

N = ,MESVS:)LSBE (s) X ]0" or
FEX Mass of solution (g)

Volume of solute (m[,)

il i e

Mass of solute (g) tte (mL)
Ltion (2) Volume of solution (m[) * 10°

pPb = Mass of solution (g)

the maximum allowable concentration in air of s

To take an example, 2 o
solvent benzene (C4Hg) is currently set by gover r.1me:1t regglathn at1 ppm, Ag:mc
centration of 1 ppm means that if you take a million “parts” of air in any unjy on.
mL—then 1 of those parts is benzene vapor and the other 999,999 p,

gases:

Y,
S are Othey

. 1mL 3
1PPM = 7'600,000 mL

Because the density of water is approximately 1.0 g/mL at room tempergy,
1.0 L (or 1000 mL) of an aqueous solution weighs 1090 8. Therefore, whep deaﬁ;e :
with very dilute concentrations of solutes dissolved in water, ppm is equivalent y;
mg solute/L solution, and ppb is equivalent to ug solute/L solution. To demonstry,
that these units are equivalent, the conversion from ppm to mg/L is as follows:

1 g setute 1 mg solute \ /10° g setution 1 mg solute
1227 = g 1 o ) ™ T
10° g setution/ \ 10~ g setute / \ 1L solution 1L solution

LGS VISR 9.11 ppm as Conversion Factor: Mass of Solution
to Mass of Solute

The maximum allowable concentration of chloroform, CHCl;, in drinking
water is 100 ppb. What is the maximum amount (in grams) of chloroform
allowed in a glass containing 400 g (400 mL) of water?

ANALYSIS We are given a solution amount (400 g) and a concentration (100 ppb).
This concentration of 100 ppb means

Mass of solute (g)

100 ppb = %1107

Mass of solution (g)
This equation can be rearranged to find the mass of solute.

BALLPARK ESTIMATE A concentration of 100 ppb means there are

100 X 10°g (1 x 1077 g) of solute in 1 g of solution. In 400 g of solution, we
should have 400 times this amount, or 400 x 1077 = 4 x 10 °g.

SOLUTION

Mass of solution (g)

Mass of solute (g) =
10°

X 100 ppb

400
= 100 ppb = 4 x 107 g (or 0.04 mg)

BALLPARK CHECK: The calculated answer matches our estimate.

10°

LEM 9.17

‘)1((‘ e % : ;
is the concentration in ppm of sodium fl

ool uoride in tz Ste 7
ﬂuoridated by the addition of 32 mg of N In tap water that has

what
aF for every 20 kg of solution?

peen

pROBLI M9.18
» maximum amounts of lead and copper allowed in drinking water are
0015 mg/kg for lead and 1.3 “}g/kg for copper. Express these values in parts
'r million, and tell the maximum amount of each (in grams) allowed i,}

1008 of water-
o

08 pilution

s solutions, from orange juice to chemical reagents, are stored in high concen-
-"1"'.1&15 and then prepared for use by dilution—that is, by adding additional solvent
'Ialh“ver the concentration. For example, you might make up 1/2 gal of orange juice
to Od ding water t0 canned concentrate. In the same way, you might buy a medi-
h:‘vaor chemical reagent in concentrated solution and dilute it before use.
ﬂneThe key fact to remember about dilution is that the amount of solute remains
ostant only the volume i§ changed_ by adding more solvent. If, for example, the
L ol and final concentrations are given in molarity, then we know that the num-
+of moles Of solute is the same both before and after dilution, and can be deter-
ned by multiplying molarity times volume:

Number of moles = Molarity (mol/L) X Volume (L)

gecause the number of moles remains constant, we can set up the following equa-
on, where M; and V refer to the solution before dilution, and M, and V, refer to
the solution after dilution:

Moles of solute = M;V; = M,V,

This equation can be rewritten to solve for M,, the concentration of the solution
after dilution:

it

=M, X
M; = M, V,

where L1 is a dilution factor
Vs

The equation shows that the concentration after dilution (M) can be found by mul-
fiplying the initial concentration (M;) by a dilution factor, which is simply the ratio of
the initial and final solution volumes (V1/V>). If, for example, the solution volume
increases by a factor of 5, from 10 mL to 50 mL, then the concentration must decrease
to1/5 its initial value because the dilution factor is 10 mL/50 mL, or 1/5. Worked
Bample 9.12 shows how to use this relationship for calculating dilutions.

The relationship between concentration and volume can also be used to find
what volume of initial solution to start with to achieve a given dilution:

Since M;V; = MV,
Vi=Vy X M,
then 1=V M,
this case, V4 is the initial volume that must be diluted to prepare a less cgncentrated
?",lution with volume V,. The initial volume is found by multiplying the final volume
"3by the ratio of the final and initial concentrations (Ma/ M;). For example, to
decrease the concentration of a solution to 1/5 its initial value, the initial volun}e must
%1/5the desired final volume. Worked Example 9.13 gives a sample calculation.

;
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A Orange juice concentrate is diluted
with water before drinking.

Dilution factor The ratio of the
initial and final solution volumes
(V1/V2).
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ons and following examples deg) wi
that the dilution equatiop, can c()nfe
nted in this section, or be , e

Although the preceding e‘,]ui}t: noting
tration units of molarity, it 15 W or nits prese :
alized to the other concentration t o)

C]Vl = C:Vz

of Solutions: Concentration

Wi 9.12 Dilution :
WORKED EXA 5 mlL of a 3.5 M glucose solution jg dilyy
edy,

What is the final concentration if 7.

a volume of 450 mL?

ANALYSIS The number of moles of solute is constant, so
M Vi = M2V

SR i know the initial concengrys:
Of the four variables in this equation, We ; ation
(3.5 M), the initial volume V; (75 mL), and the final volume V5 (450 " My
we need to find the final concentration M,.

BALLPARK ESTIMATE The volume increases by a factor of 6, from 75 mL to
450 mL, so the concentration must decrease by a factor of 6, fron, 35y

ang

to about 0.6 M.

SOLUTION A
Solving the above equation for My and substituting in the known valyes gives

75 mL
- M OIMGITTD_ oy
2

BALLPARK CHECK: The calculated answer is close to our estimate of 0.6 .

T e\ 2 # M 9.13 Dilution of Solutions: Volume

Aqueous NaOH can be purchased at a concentration of 1.0 M. How would you
use this concentrated solution to prepare 750 mL of 0.32 M NaOH?

ANALYSIS The number of moles of solute is constant, so
M;V; = MpV,

Of the four variables in this equation, we know the initial concentration M,

(1.0 M), the final volume V; (750 mL), and the final concentration M, (0.32 M),

and we need to find the initial volume V.

BALLPARK ESTIMATE We want the solution concentration to decrease by a fac-

tor of about 3, from 1.0 M to 0.32 M, which means we need to dilute the 1.0 M

solution by a factor of 3. This means the final volume must be about 3 times

greater than the initial volume. Because our final volume is to be 750 mL, we

must start with an initial volume of about 250 mL.

SOLUTION

Solving the above equation for V; and substituting in the known values gives
_ VoM, (750 mL)(0.32 M)
TN 1.0M

To prepare the desired solution, dilute 240 mL of 1.0 M NaOH with water to
make a final volume of 750 mL.

BALLPARK CHECK: The calculated answer (240 mL) is reasonably close to our
estimate of 250 mL.

= 240 mL

i

SECTION 9.9 Ions in Solution: Electrolytes

EM 9.19
Lchloric acid is normally purchased at 5 concentration of 12.0 M. What

drt e
E'\mc final concentration if 100.0 mL of 12,0 M HCl is diluted to 500.0 mL?
is A :

19
N

e0US ammonia is commercially available at a concentration of 16.0 M.
Mw much of the concentrated solution would you use to prepare 500.0 mL
}{an 1.25 M solution? :
ofal?

A1 Q 21
_»nBLEM 9.21
PRt

= Em,ironmental Protection Agency has set the limit for arsenic in drink-
ing water at 0.010 ppm. To what volume would you need to dilute 1.5 L of
water containing 5.0 ppm arsenic to reach the acceptable limit?

g9 lons in Solution: Electrolytes

ook at Figure 9.8, which shows a light bulAb connected to a power source through

rcuit that is mterruPted by two metal strips dipped into a beaker of liquid. When
?h; strips are dipped into pure wa_ter, the bulb remains dark, but when they are
ipped into an aqueous NaClisolutlon, the circuit is closed and the bulb lights. As
nentioned previously in Section 4.1, this simple demonstration shows that ionic

COmpouncls in aqueous solution can conduct electricity. (0D, p-79)

(b)

AFIGURE 9.8 A simple demonstration shows that electricity can flow through a solution
ofions. (a) With pure water in the beaker, the circuit is incomplete, no electricity flows, and the
bub does not light. (b) With a concentrated Na€l solution in the beaker, the circuit is complete,

gectricity flows, and the light bulb glows.

Substances like NaCl that conduct an electric current when dissolved in water
are called electrolytes. Conduction occurs because negatively charged CI™ anions
"‘fgrate through the solution toward the metal strip connected to the positive ter-
minal of the power source, whereas positively charged Na* cations migrate toward
e strip connected to the negative terminal. As you might expect, the ability of a

So.luti"“ to conduct electricity depends on the concentration of ions in solution.
ordinary tap water

Stilled water contains virtually no ions and is nonconducting;

Onta + Ca2t
Loma"fs low concentrations of dissolved ions (mostly Na+, K Mgz b Casy,
M) an js weakly conducting; and a concentrated solution of NaCl is strongly

mdUCﬁngA

275

Electrolyte A substance that pro-
duces ions and therefore conducts
electricity when dissolved in water.
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Estranged Labour, Marx, 1844

Economic and Philosophical Manuscripts of 1844. Karl Marx

Estranged Labour

||XXII| We have proceeded from the premises of political economy. We have accepted its
language and its laws. We presupposed private property, the separation of labor, capital
and land, and of wages, profit of capital and rent of land a€*“ likewise division of labor,
competition, the concept of exchange value, etc. On the basis of political economy itself, in
its own words, we have shown that the worker sinks to the level of a commodity and
becomes indeed the most wretched of commodities; that the wretchedness of the worker is
in inverse proportion to the power and magnitude of his production; that the necessary
result of competition is the accumulation of capital in a few hands, and thus the
restoration of monopoly in a more terrible form; and that finally the distinction between
capitalist and land rentier, like that between the tiller of the soil and the factory worker,
disappears and that the whole of society must fall apart into the two classes A€“ property
owners and propertyless workers.

Political economy starts with the fact of private property; it does not explain it to us. It expresses
in general, abstract formulas the material process through which private property actually passes,
and these formulas it then takes for laws. It does not comprehend these laws 4€“i.e., it does not
demonstrate how they arise from the very nature of private property. Political economy throws no
light on the cause of the division between labor and capital, and between capital and land. When,
for example, it defines the relationship of wages to profit, it takes the interest of the capitalists to be
the ultimate cause, i.e., it takes for granted what it is supposed to explain. Similarly, competition
comes in everywhere. It is explained from external circumstances. As to how far these external and
apparently accidental circumstances are but the expression of a necessary course of development,
political economy teaches us nothing. We have seen how exchange itself appears to it as an
accidental fact. The only wheels which political economy sets in motion are greed, and the war
amongst the greedy 4€* competition.

Precisely because political economy does not grasp the way the movement is connected, it was
possible to oppose, for instance, the doctrine of competition to the doctrine of monopoly, the
doctrine of craft freedom to the doctrine of the guild, the doctrine of the division of landed property
to the doctrine of the big estate — for competition, freedom of the crafts and the division of landed
property were explained and comprehended only as accidental, premeditated and violent
consequences of monopoly, of the guild system, and of feudal property, not as their necessary,

inevitable and natural consequences.

https://www.marxists.org/archive/marx/works/1844/manuscripts/labour.htm[6/16/2020 4:11:02 PM]
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Estranged Labour, Marx, 1844
Now, therefore, we have to grasp the intrinsic connection between private property,
greed, the separation of labor, capital and landed property; the connection of exchange
and competition, of value and the devaluation of man, of monopoly and competition, etc.
— the connection between this whole estrangement and the money system.

Do not let us go back to a fictitious primordial condition as the political economist does,
when he tries to explain. Such a primordial condition explains nothing; it merely pushes
the question away into a grey nebulous distance. The economist assumes in the form of a
fact, of an event, what he is supposed to deduce — namely, the necessary relationship
between two things —between, for example, division of labor and exchange. Thus the
theologian explains the origin of evil by the fall of Man — that is, he assumes as a fact, in
historical form, what has to be explained.

We proceed from an actual economic fact.

The worker becomes all the poorer the more wealth he produces, the more his
production increases in power and size. The worker becomes an ever cheaper commodity
the more commodities he creates. The devaluation of the world of men is in direct
proportion to the increasing value of the world of things. Labor produces not only
commodities; it produces itself and the worker as a commodity — and this at the same rate
at which it produces commodities in general.

This fact expresses merely that the object which labor produces — labor’s product —
confronts it as something alien, as a power independent of the producer. The product of
labor is labor which has been embodied in an object, which has become material: it is the
objectification of labor. Labor’s realization is its objectification. Under these economic
conditions this realization of labor appears as loss of realization for the workers[18];
objectification as loss of the object and bondage to it; appropriation as estrangement, as
alienation.[19] o

So much does the labor’s realization appear as loss of realization that the worker loses
realization to the point of starving to death. So much does objectification appear as loss of
the object that the worker is robbed of the objects most necessary not only for his life but
for his work. Indeed, labor itself becomes an object which he can obtain only with the
greatest effort and with the most irregular interruptions. So much does the appropriation
of the object appear as estrangement that the more objects the worker produces the less
he can possess and the more he falls under the sway of his product, capital.

All these consequences are implied in the statement that the worker is related to the
product of labor as to an alien object. For on this premise it is clear that the more the
worker spends himself, the more powerful becomes the alien world of objects which he
creates over and against himself, the poorer he himself — his inner world — becomes, the
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less belongs to him as his own. It is the same in religion. The more man puts into God, the
less he retains in himself. The worker puts his life into the object; but now his life no
longer belongs to him but to the object. Hence, the greater this activity, the more the
worker lacks objects. Whatever the product of his labor is, he is not. Therefore, the greater
this product, the less is he himself. The alienation of the worker in his product means not
only that his labor becomes an object, an external existence, but that it exists outside him,
independently, as something alien to him, and that it becomes a power on its own
confronting him. It means that the life which he has conferred on the object confronts him
as something hostile and alien.

| XXIII/ Let us now look more closely at the objectification, at the production of the
worker; and in it at the estrangement, the loss of the object, of his product.

The worker can create nothing without nature, without the sensuous external world. It
is the material on which his labor is realized, in which it is active, from which, and by
means of which it produces.

But just as nature provides labor with [the] means of life in the sense that labor cannot
live without objects on which to operate, on the other hand, it also provides the means of
life in the more restricted sense, i.e., the means for the physical subsistence of the worker
himself.

Thus the more the worker by his labor appropriates the external world, sensuous
nature, the more he deprives himself of the means of life in two respects: first, in that the
sensuous external world more and more ceases to be an object belonging to his labor — to
be his labor’s means of life; and, second, in that it more and more ceases to be a means of
life in the immediate sense, means for the physical subsistence of the worker.

In both respects, therefore, the worker becomes a servant of his object, first, in that he
receives an object of labor, i.e., in that he receives work, and, secondly, in that he receives
means of subsistence. This enables him to exist, first as a worker; and second, as a
physical subject. The height of this servitude is that it is only as a worker that he can
maintain himself as a physical subject and that it is only as a physical subject that he is a
worker.

(According to the economic laws the estrangement of the worker in his object is
expressed thus: the more the worker produces, the less he has to consume; the more
values he creates, the more valueless, the more unworthy he becomes; the better formed
his product, the more deformed becomes the worker; the more civilized his object, the
more barbarous becomes the worker; the more powerful labor becomes, the more
powerless becomes the worker; the more ingenious labor becomes, the less ingenious
becomes the worker and the more he becomes nature’s slave.)
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Political economy conceals the estrangement inherent in the nature of labor by

not considering the direct relationship between the worker (labor) and production. It is
true that labor produces for the rich wonderful things — but for the worker it produces
privation. It produces palaces — but for the worker, hovels. It produces beauty — but for the
worker, deformity. It replaces labor by machines, but it throws one section of the workers
back into barbarous types of labor and it turns the other section into a machine. It produces
intelligence —but for the worker, stupidity, cretinism.

The direct relationship of labor to its products is the relationship of the worker to the
objects of his production. The relationship of the man of means to the objects of production
and to production itself is only a consequence of this first relationship — and confirms it. We
shall consider this other aspect later. When we ask, then, what is the essential relationship
of labor we are asking about the relationship of the worker to production.

Till now we have been considering the estrangement, the alienation of the worker only in
one of its aspects , i.e., the workera€™s relationship to the products of his labor. But the
estrangement is manifested not only in the result but in the act of production, within the
producing activity, itself. How could the worker come to face the product of his activity as a
stranger, were it not that in the very act of production he was estranging himself from
himself?The product is after all but the summary of the activity, of production. If then the
product of labor is alienation, production itself must be active alienation, the alienation of
activity, the activity of alienation. In the estrangement of the object of labor is merely
summarized the estrangement, the alienation, in the activity of labor itself.

What, then, constitutes the alienation of labor?

First, the fact that labor is external to the worker, i.e., it does not belong to his intrinsic
nature; that in his work, therefore, he does not affirm himself but denies himself, does not
feel content but unhappy, does not develop freely his physical and mental energy but
mortifies his body and ruins his mind. The worker therefore only feels himself outside his
work, and in his work feels outside himself. He feels at home when he is not working, and
when he is working he does not feel at home. His labor is therefore not voluntary, but
coerced; it is forced labor. It is therefore not the satisfaction of a need; it is merely a means
to satisfy needs external to it. Its alien character emerges clearly in the fact that as soon as
no physical or other compulsion exists, labor is shunned like the plague. External labor,
labor in which man alienates himself, is a labor of self-sacrifice, of mortification. Lastly, the
external character of labor for the worker appears in the fact that it is not his own, but
someone elseA€™s, that it does not belong to him, that in it he belongs, not to himself, but
to another. Just as in religion the spontaneous activity of the human imagination, of the
human brain and the human heart, operates on the individual
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independently of him — that is, operates as an alien, divine or diabolical activity — so is
the worker’s activity not his spontaneous activity. It belongs to another; it is the loss of his
self.

As a result, therefore, man (the worker) only feels himself freely active in his animal
functions — eating, drinking, procreating, or at most in his dwelling and in dressing-up,
etc.; and in his human functions he no longer feels himself to be anything but an animal.
What is animal becomes human and what is human becomes animal.

Certainly eating, drinking, procreating, etc., are also genuinely human functions. But
taken abstractly, separated from the sphere of all other human activity and turned into
sole and ultimate ends, they are animal functions.

We have considered the act of estranging practical human activity, labor, in two of its
aspects.(1) The relation of the worker to the product of labor as an alien object exercising
power over him. This relation is at the same time the relation to the sensuous external
world, to the objects of nature, as an alien world inimically opposed to him. (2) The
relation of labor to the act of production within the labor process. This relation is the
relation of the worker to his own activity as an alien activity not belonging to him; it is
activity as suffering, strength as weakness, begetting as emasculating, the workera€™s
own physical and mental energy, his personal life 4€“ for what is life but activity? as an
activity which is turned against him, independent of him and not belonging to him. Here
we have self-estrangement, as previously we had the estrangement of the thing.

|| XXIV| We have still a third aspect of estranged labor to deduce from the two already
considered.

Man is a species-being [26], not only because in practice and in theory he adopts the
species (his own as well as those of other things) as his object, but — and this is only
another way of expressing it — also because he treats himself as the actual, living species;
because he treats himself as a universal and therefore a free being.

The life of the species, both in man and in animals, consists physically in the fact that
man (like the animal) lives on organic nature; and the more universal man (or the animal)
is, the more universal is the sphere of inorganic nature on which he lives. Just as plants,
animals, stones, air, light, etc., constitute theoretically a part of human consciousness,
partly as objects of natural science, partly as objects of art A€ his spiritual inorganic
nature, spiritual nourishment which he must first prepare to make palatable and
digestible 4€“ so also in the realm of practice they constitute a part of human life and
human activity. Physically man lives only on these products of nature, whether they
appear in the form of food, heating, clothes, a dwelling, etc. The universality of man
appears in practice precisely in the universality which makes all nature his inorganic body
both inasmuch

https://www.marxists.org/archive/marx/works/1844/manuscripts/labour.htm[6/16/2020 4:11:02 PM]

5/12

4/1/2020

Estranged Labour, Marx, 1844
as nature is (1) his direct means of life, and (2) the material, the object, and the
instrument of his life activity. Nature is man’s inorganic body — nature, that is, insofar as
it is not itself human body. Man lives on nature — means that nature is his body, with
which he must remain in continuous interchange if he is not to die. That man’s physical
and spiritual life is linked to nature means simply that nature is linked to itself, for man is
a part of nature.

In estranging from man (1) nature, and (2) himself, his own active functions, his life
activity, estranged labor estranges the species from man. It changes for him the life of the
species into a means of individual life. First it estranges the life of the species and
individual life, and secondly it makes individual life in its abstract form the purpose of the
life of the species, likewise in its abstract and estranged form.

For labor, life activity, productive life itself, appears to man in the first place merely as a
means of satisfying a need — the need to maintain physical existence. Yet the productive
life is the life of the species. It is life-engendering life. The whole character of a species, its
species-character, is contained in the character of its life activity; and free, conscious
activity is man’s species-character. Life itself appears only as a means to life.

The animal is immediately one with its life activity. It does not distinguish itself from it.
It is its life activity. Man makes his life activity itself the object of his will and of his
consciousness. He has conscious life activity. It is not a determination with which he
directly merges. Conscious life activity distinguishes man immediately from animal life
activity. It is just because of this that he is a species-being. Or it is only because he is a
species-being that he is a conscious being, i.e., that his own life is an object for him. Only
because of that is his activity free activity. Estranged labor reverses the relationship, so
that it is just because man is a conscious being that he makes his life activity, his essential
being, a mere means to his existence.

In creating a world of objects by his personal activity, in his work upon inorganic
nature, man proves himself a conscious species-being, i.e., as a being that treats the
species as his own essential being, or that treats itself as a species-being. Admittedly
animals also produce. They build themselves nests, dwellings, like the bees, beavers, ants,
etc. But an animal only produces what it immediately needs for itself or its young. It
produces one-sidedly, whilst man produces universally. It produces only under the
dominion of immediate physical need, whilst man produces even when he is free from
physical need and only truly produces in freedom therefrom. An animal produces only
itself, whilst man reproduces the whole of nature. An animala€™s product belongs
immediately to its physical body, whilst man freely confronts his product. An animal
forms only in accordance with the standard and the need of the species to which it
belongs, whilst man knows how to produce in accordance with the standard of every
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species, and knows how to apply everywhere the inherent standard to the object. Man
therefore also forms objects in accordance with the laws of beauty.

It is just in his work upon the objective world, therefore, that man really proves himself
to be a species-being. This production is his active species-life. Through this production,
nature appears as his work and his reality. The object of labor is, therefore, the
objectification of man's species-life: for he duplicates himself not only, as in
consciousness, intellectually, but also actively, in reality, and therefore he sees himself in a
world that he has created. In tearing away from man the object of his production,
therefore, estranged labor tears from him his species-life, his real objectivity as a member
of the species and transforms his advantage over animals into the disadvantage that his
inorganic body, nature, is taken from him.

Similarly, in degrading spontaneous, free activity to a means, estranged labor makes
man's species-life a means to his physical existence.

The consciousness which man has of his species is thus transformed by estrangement in
such a way that species[-life] becomes for him a means.

Estranged labor turns thus:

3) Man's species-being, both nature and his spiritual species-property, into a being
alien to him, into a means of his individual existence. It estranges from man his own body,
as well as external nature and his spiritual aspect, his human aspect.

(4) An immediate consequence of the fact that man is estranged from the product of

his labor, from his life activity, from his species-being, is the estrangement of man from
man. When man confronts himself, he confronts the other man. What applies to a man's
relation to his work, to the product of his labor and to himself, also holds of a man's
relation to the other man, and to the other man's labor and object of labor.

In fact, the proposition that man's species-nature is estranged from him means that one
man is estranged from the other, as each of them is from man's essential nature.

The estrangement of man, and in fact every relationship in which man [stands] to
himself, is realized and expressed only in the relationship in which a man stands to other
men.

Hence within the relationship of estranged labor each man views the other in
accordance with the standard and the relationship in which he finds himself as a worker.

[|XXV| We took our departure from a fact of political economy a€“ the estrangement of
the worker and his production. We have formulated this fact in conceptual terms as
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estranged, alienated labor. We have analyzed this concept a€“ hence analyzing merely a
fact of political economy.

Let us now see, further, how the concept of estranged, alienated labor must express and
present itself in real life.

If the product of labor is alien to me, if it confronts me as an alien power, to whom,
then, does it belong?

To a being other than myself.
Who is this being?

The gods? To be sure, in the earliest times the principal production (for example, the
building of temples, etc., in Egypt, India and Mexico) appears to be in the service of the
gods, and the product belongs to the gods. However, the gods on their own were never the
lords of labor. No more was nature. And what a contradiction it would be if, the more man
subjugated nature by his labor and the more the miracles of the gods were rendered
superfluous by the miracles of industry, the more man were to renounce the joy of
production and the enjoyment of the product to please these powers.

The alien being, to whom labor and the product of labor belongs, in whose service labor
is done and for whose benefit the product of labor is provided, can only be man himself.

If the product of labor does not belong to the worker, if it confronts him as an alien
power, then this can only be because it belongs to some other man than the worker. If the
worker’s activity is a torment to him, to another it must give satisfaction and pleasure. Not
the gods, not nature, but only man himself can be this alien power over man.

We must bear in mind the previous proposition that man’s relation to himself becomes
for him objective and actual through his relation to the other man. Thus, if the product of
his labor, his labor objectified, is for him an alien, hostile, powerful object independent of
him, then his position towards it is such that someone else is master of this object,
someone who is alien, hostile, powerful, and independent of him. If he treats his own
activity as an unfree activity, then he treats it as an activity performed in the service,
under the dominion, the coercion, and the yoke of another man.

Every self-estrangement of man, from himself and from nature, appears in the relation
in which he places himself and nature to men other than and differentiated from himself.
For this reason religious self-estrangement necessarily appears in the relationship of the
layman to the priest, or again to a mediator, etc., since we are here dealing with the
intellectual world. In the real practical world self-estrangement can only become manifest
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through the real practical relationship to other men. The medium through which
estrangement takes place is itself practical. Thus through estranged labor man not only
creates his relationship to the object and to the act of production as to powers [in the
manuscript Menschen (men) instead of Machte (powers). - Ed.] that are alien and hostile
to him; he also creates the relationship in which other men stand to his production and to
his product, and the relationship in which he stands to these other men. Just as he creates
his own production as the loss of his reality, as his punishment; his own product as a loss,
as a product not belonging to him; so he creates the domination of the person who does
not produce over production and over the product. Just as he estranges his own activity
from himself, so he confers upon the stranger an activity which is not his own.

We have until now considered this relationship only from the standpoint of the worker
and later on we shall be considering it also from the standpoint of the non-worker.

Through estranged, alienated labor, then, the worker produces the relationship to this
labor of a man alien to labor and standing outside it. The relationship of the worker to
labor creates the relation to it of the capitalist (or whatever one chooses to call the master
of labor). Private property is thus the product, the result, the necessary consequence, of
alienated labor, of the external relation of the worker to nature and to himself.

Private property thus results by analysis from the concept of alienated labor, i.e., of
alienated man, of estranged labor, of estranged life, of estranged man.

True, it is as a result of the movement of private property that we have obtained the
concept of alienated labor (of alienated life) in political economy. But on analysis of this
concept it becomes clear that though private property appears to be the reason, the cause
of alienated labor, it is rather its consequence, just as the gods are originally not the cause
but the effect of man’s intellectual confusion. Later this relationship becomes reciprocal.

Only at the culmination of the development of private property does this, its secret,
appear again, namely, that on the one hand it is the product of alienated labor, and that on
the other it is the means by which labor alienates itself, the realization of this alienation.

This exposition immediately sheds light on various hitherto unsolved conflicts.

(1) Political economy starts from labor as the real soul of production; yet to labor it gives
nothing, and to private property everything. Confronting this contradiction, Proudhon has
decided in favor of labor against private property[21}. We understand, however, that this
apparent contradiction is the contradiction of estranged labor with itself, and that political
economy has merely formulated the laws of estranged labor.
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Madame de Remusat, Memoirs (excerpts)

Now that I am about to commence these Memoirs, I think it well to precede them by some
observations on the character of the Emperor, and the various members of the family respectively.
These observations will help me in the difficult task I am about to undertake, by aiding me to recall the
impressions of the last twelve years. I shall begin with Bonaparte himself. I am far from saying that he
always appeared to me in the light in which I see him now; my opinions have progressed, even as he
did; but I am so far from being influenced by personal feelings, that I do not think it is possible for me
to deviate from the exact truth.

Napoleon Bonaparte is of low stature, and rather ill-proportioned; his bust is too long, and so
shortens the rest of his figure. He has thin chestnut hair, his eyes are grayish blue, and his skin, which
was yellow while he was slight, became in later years a dead white without any color. His forehead, the
setting of his eye, the line of his nose—all that is beautiful, and reminds one of an antique medallion.
His mouth, which is thin-lipped, becomes agreeable when he laughs; the teeth are regular. His chin is
short, and his jaw heavy and square. He has well-formed hands and feet; I mention them particularly,
because he thought a good deal of them.

He has an habitual slight stoop. His eyes are dull, giving in his face when in repose a melancholy
and meditative expression. When he is excited with anger his looks are fierce and menacing. Laughter
becomes him; it makes him look more youthful and less formidable. It is difficult not to like him when
he laughs, his countenance improves so much. He was always simple in his dress, and generally wore
the uniform of his own guard. He was cleanly rather from habit than from a liking for cleanliness; he
bathed often, sometimes in the middle of the night, because he thought the practice good for his
health. But, apart from this, the precipitation with which he did everything did not admit of his
clothes being put on carefully; and on gala days and full-dress occasions his servants were obliged to
consult together as to when they might snatch a moment to dress him.

He could not endure the wearing of ornaments; the slightest constraint was insupportable to him.
He would tear off or break anything that gave him the least annoyance; and sometimes the poor valet
who had occasioned him a passing inconvenience would receive violent proof of his anger. I have said
there was a sort of fascination in the smile of Bonaparte; but, during all the time I was in the habit of
seeing him, he rarely put forth that charm. Gravity was the foundation of his character; not the gravity
of a dignified and noble manner, but that which arises from profound thought. In his youth he was a
dreamer; later in life he became a moody, and later still an habitually ill-tempered man. When I first
began to know him well, he was exceedingly fond of all that induces reverie—Ossian, the twilight,
melancholy music. I have seen him enraptured by the murmur of the wind, I have heard him talk with
enthusiasm of the moaning of the sea, and he was tempted sometimes to believe that nocturnal
apparitions were not beyond the bounds of possibility; in fact, he had a leaning to certain
superstitions. When, on leaving his study in the evening, he went into Mme. Bonaparte’s drawing-

room, he would sometimes have the candles shaded with white gauze, desire us to keep



profound silence, and amuse himself by telling or hearing ghost stories: or he would listen to soft,
sweet music executed by Italian singers, accompanied only by a few instruments lightly touched. Then
he would fall into a reverie which all respected, no one venturing to move or stir from his or her place.
When he aroused himself from that state, which seemed to procure him a sort of repose, he was
generally more serene and more communicative. He liked then to talk about the sensations he had
experienced. He would explain the effect music had upon him; he always preferred that of Paisiello,
because he said it was monotonous, and that impressions which repeat themselves are the only ones
that take possession of us. The geometrical turn of his mind disposed him to analyze even his
emotions. No man has ever meditated more deeply than Bonaparte on the “wherefore” that rules
human actions. Always aiming at something, even in the least important acts of his life, always laying
bare to himself a secret motive for each of them, he could never understand that natural nonchalance
which leads some persons to act without a project and without an aim. He always judged others by
himself, and was often mistaken, his conclusions and the actions which ensued upon them both
proving erroneous.

Bonaparte was deficient in education and in manners; it seemed as if he must have been destined
cither to live in a tent where all men are equal, or upon a throne where everything is permitted. He did
not know how either to enter or to leave a room; he did not know how to make a bow, how to rise, or
how to sit down. His questions were abrupt, and so also was his manner of speech. Spoken by him,
Italian loses all its grace and sweetness. Whatever language he speaks, it seems always to be a foreign
tongue to him; he appears to force it to express his thoughts. And then, as any rigid rule becomes an
insupportable annoyance to him, every liberty which he takes pleases him as though it were a victory,
and he would never yield even to grammar. He used to say that in his youth he had liked reading
romances as well as studying the exact sciences; and probably he was influenced by so incongruous a
mixture. Unfortunately, he had met with the worst kind of romances, and retained so keen a
remembrance of the pleasure they had given him that, when he married the Archduchess Marie
Louise, he gave her “Hippolyte, Comte de Douglas,” and “Les Contemporains,” so that, as he said, she
might form an idea of refined feeling, and also of the customs of society.

In trying to depict Bonaparte, it would be necessary, following the analytical forms of which he
was so fond, to separate into three very distinct parts his soul, his heart, and his mind; for no one of
these ever blended completely with the others. Although very remarkable for certain intellectual
qualities, no man, it must be allowed, was ever less lofty of soul. There was no generosity, no true
greatness in him. I have never known him to admire, I have never known him to comprehend, a fine
action. He always regarded every indication of a good feeling with suspicion; he did not value sincerity;
and he did not hesitate to say that he recognized the superiority of a man by the greater or less degree of
cleverness with which he used the art of lying. On the occasion of his saying this, he added, with great
complacency, that when he was a child one of his uncles had predicted that he should govern the
world, because he was an habitual liar. “M. de Metternich,” he added, “approaches to being a

statesman—he lies verywell.”



All Bonaparte’s methods of government were selected from among those which have a tendency to
debase men. He dreaded the ties of affection; he endeavored to isolate every one; he never sold a favor
without awakening a sense of uneasiness, for he held that the true way to attach the recipients to
himself was by compromising them, and often even by blasting them in public opinion. He could not
pardon virtue until he had succeeded in weakening its effect by ridicule. He can not be said to have
truly loved glory, for he never hesitated to prefer success to it; thus, although he was audacious in good
fortune, and although he pushed it to its utmost limits, he was timid and troubled when threatened
with reverses. Of generous courage he was not capable; and, indeed, on that head one would hardly
venture to tell the truth so plainly as he has told it himself, by an admission recorded in an anecdote
which I have never forgotten. One day, after his defeat at Leipsic, and when, as he was about to return
to Paris, he was occupied in collecting the remains of his army for the defense of our frontiers, he was
talking to M. de Talleyrand of the ill success of the Spanish war, and of the difficulty in which it had
involved him. He spoke openly of his own position, not with the noble frankness that does not fear to
own a fault, but with that haughty sense of superiority which releases one from the necessity of
dissimulation. At this interview, in the midst of his plain speaking, M. de Talleyrand said to him
suddenly, “But how is it? You consult me as if we had not quarreled.”

Bonaparte answered, “Ah, circumstances! circumstances! Let us leave the past and the future
alone. I want to hear what you think of the present moment.”

“Well,” replied M. de Talleyrand, “there is only one thing you can do. You have made a mistake:
you must say so; try to say so nobly. Proclaim, therefore, that being a King by the choice of the people,
elected by the nations, it has never been your design to set yourself against them. Say that, when you
began the war with Spain, you believed you were about to deliver the people from the yoke of an
odious minister, who was encouraged by the weakness of his prince; but that, on closer observation,
you perceive that the Spaniards, although aware of the faults of their King, are none the less attached
to his dynasty, which you are therefore about to restore to them, so that it may not be said you ever
opposed a national aspiration. After that proclamation, restore King Ferdinand to liberty, and
withdraw your troops. Such an avowal, made in a lofty tone, and when the enemy are still hesitating
on our frontier, can only do you honor; and you are still too strong for it to be regarded as a cowardly
act.”’

“A cowardly act!” replied Bonaparte; “what does that matter to me? Understand that I should not
fail to commit one, if it were useful to me. In reality, there is nothing really noble or base in this world;
I have in my character all that can contribute to secure my power, and to deceive those who think they
know me. Frankly, I am base, essentially base. I give you my word that I should feel no repugnance to
commit what would be called by the world a dishonorable action; my secret tendencies, which are,
after all, those of nature, opposed to certain affectations of greatness with which I have to adorn
myself, give me infinite resources with which to baffle every one. Therefore, all I have to do now is to
consider whether your advice agrees with my present policy, and to try and find out besides,” he added
(says M. de Talleyrand), with a satanic smile, “whether you have not some private interest in urging me

to take thisstep.”



Another anecdote which bears on the same characteristic will not be out of place here. Bonaparte,
when on the point of setting out for Egypt, went to see M. de Talleyrand, then Minister of Foreign
Affairs under the Directory. “I was in bed, being ill,” said M. de Talleyrand. “Bonaparte sat down near
me, and divulged to me all the dreams of his youthful imagination. I was interested in him because of
the activity of his mind, and also on account of the obstacles which I was aware would be placed in his
way by secret enemies of whom I knew. He told me of the difficulty in which he was placed for want
of money, and that he did not know where to get any. ‘Stay,” I said to him; ‘open my desk. You will
find there a hundred thousand francs that belong to me. They are yours for the present; you may repay
the money when you return,” Bonaparte threw himself on my neck, and I was really delighted to
witness his joy. When he became Consul, he gave me back the money I had lent him; but he asked me
one day, ‘What interest could you have had in lending me that money? I have thought about it a
hundred times since then, and have never been able to make out your object.” ‘I had none,’ I replied. ‘I
was feeling very ill: it was quite possible I might never see you again; but you were young, you had
impressed me very strongly, and I felt impelled to render you a service without any afterthought
whatsoever.” ‘In that case,” said Bonaparte, ‘and if it was really done without any design, you acted a
dupe’s part.””

According to the order I have laid down, I ought now to speak of Bonaparte’s heart; but, if it were
possible to believe that a being, in every other way similar to ourselves, could exist without that portion
of our organization which makes us desire to love and to be loved, I should say that in his creation the
heart was left out. Perhaps, however, the truth was that he succeeded in suppressing it completely. He
was always too much engrossed by himself to be influenced by any sentiment of affection, no matter
of what kind. He almost ignored the ties of blood and the rights of nature; I do not know that even
paternity weighed with him. It seemed, at least, that he did not regard it as his primary relation with his
son. One day, at breakfast, when, as was often the case, Talma had been admitted to see him, the
young Napoleon was brought to him. The Emperor took the child on his knee, and, far from
caressing, amused himself by slapping him, though not so as to hurt him; then, turning to Talma, he
said, “T'alma, tell me what I am doing?” Talma, as may be supposed, did not know what to say. “You
do not see it,” continued the Emperor; “I am slapping a King.”

Notwithstanding his habitual hardness, Bonaparte was not entirely without experience of love.
But, good heavens! what manner of sentiment was it in his case? A sensitive person forgets self in love,
and becomes almost transformed; but to a man of the stamp of Bonaparte it only supplies an
additional sort of despotism. The Emperor despised women, and contempt can not exist together with
love. He regarded their weakness as an unanswerable proof of their inferiority, and the power they
have acquired in society as an intolerable usurpation—a result and an abuse of the progress of that
civilization which, as M. de Talleyrand said, was always his personal enemy. On this account
Bonaparte was under restraint in the society of women; and, as every kind of restraint put him out of
humor, he was always awkward in their presence, and never knew how to talk to them. It is true that
the women with whom he was acquainted were not calculated to change his views of the sex. We may

easily imagine the nature of his youthful experiences. In Italy morals were utterly depraved, and the



general licentiousness was augmented by the presence of the French army. When he returned to France
society was entirely broken up and dispersed. The circle that surrounded the Directory was a corrupt
one, and the Parisian women to whose society he was admitted were vain and frivolous, the wives of
men of business and contractors. When he became Consul, and made his generals and his aides-de-
camp marry, or ordered them to bring their wives to Court, the only women he had about him were
timid and silent girls, newly married, or the wives of his former comrades, suddenly withdrawn from
obscurity by the good fortune of their husbands, and ill able to conform to the change in their
position.

I am disposed to believe that Bonaparte, almost always exclusively occupied by politics, was never
awakened to love except by vanity. He thought nothing of a woman except while she was beautiful, or
at least young. He would probably have been willing to subscribe to the doctrine that, in a well-
organized country, we should be killed—just as certain kinds of insects are destined by nature to a
speedy death, so soon as they have accomplished the task of maternity. Yet Bonaparte had some
affection for his first wife; and, if he was ever really stirred by any emotion, it was by her and for her.
Even a Bonaparte can not completely escape from every influence, and a man’s character is composed,
not of what he is always, but of what he is most frequently.

Bonaparte was young when he first made the acquaintance of Mme. de Beauharnais, who was
greatly superior to the rest of the circle in which she moved, both by reason of the name she bore and
from the elegance of her manners. She attached herself to him, and flattered his pride; she procured
him a step in rank; he became accustomed to associate the idea of her influence with every piece of
good fortune which befell him. This superstition, which she kept up very cleverly, exerted great power
over him for a long time; it even induced him more than once to delay the execution of his projects of
divorce. When he married Mme. de Beauharnais, Bonaparte believed that he was allying himself to a
very great lady; his marriage, therefore, was one conquest the more. I shall give further details of the
charm she exercised over him when I have to speak more particularly of her.

Notwithstanding his preference for her, I have seen him in love two or three times, and it was on
these occasions that he exhibited the full measure of the despotism of his character. How irritated he
became at the least obstacle! How roughly he put aside the jealous remonstrances of his wife! “It is
your place,” he said, “to submit to all my fancies, and you ought to think it quite natural that I should
allow myself amusements of this kind. I have a right to answer all your complaints by an eternal I. I am
a person apart; I will not be dictated to by any one.” But he soon began to desire to exercise over the
object of his passing preference an authority equal to that by which he silenced his wife. Astonished
that any one should have any ascendancy over him, he speedily became angry with the audacious
individual, and he would abruptly get rid of the object of his brief passion, having let the public into
the transparent secret of his success.

The intellect of Bonaparte was most remarkable. It would be difficult, I think, to find among men
a more powerful or comprehensive mind. It owed nothing to education; for, in reality, he was
ignorant, reading but little, and that hurriedly. But he quickly seized upon the little he learned, and his

imagination developed it so extensively that he might easily have passed for a well-educated man.



His intellectual capacity seemed to be vast, from the number of subjects he could take in and
classify without fatigue. With him one idea gave birth to a thousand, and a word would lift his
conversation into elevated regions of fancy, in which exact logic did not indeed keep him company,
but in which his intellect never failed to shine.

It was always a great pleasure to me to hear him talk, or rather to hear him hold forth, for his
conversation was composed generally of long monologues; not that he objected to replies when he was
in a good humor, but, for many reasons, it was not always easy to answer him. His Court, which for a
long time was entirely military, listened to his least word with the respect that is paid to the word of
command; and afterward it became so numerous that any individual undertaking to refute him, or to
carry on a dialogue with him, felt like an actor before an audience. I have said that he spoke badly, but
his language was generally animated and brilliant; his grammatical inaccuracies sometimes lent his
sentences an unexpected strength, very suitable to the originality of his ideas. He required no
interlocutor to warm him up. He would dash into a subject, and go on for a long time, careful to
notice, however, whether he was followed, and pleased with those who comprehended and applauded
him. Formerly, to know how to listen to him was a sure and easy way of pleasing him. Like an actor
who becomes excited by the effect he produces, Bonaparte enjoyed the admiration he watched for
closely in the faces of his audience. I remember well how, because he interested me very much when he
spoke, and I listened to him with pleasure, he proclaimed me a woman of intellect, although at that
time I had not addressed two consecutive sentences to him.

He was very fond of talking about himself, and criticised himself on certain points, just as another
person might have done. Rather than fail to make the most out of his own character, he would not
have hesitated to subject it to the most searching analysis. He used often to say that a real politician
knows how to calculate even the smallest profits that he can make out of his defects; and M. de
Talleyrand carried that reflection even further. I once heard him say, “That devil of a man deceives one
on all points. His very passions mislead, for he manages to dissemble them even when they really exist.”
I can recall an incident which will show how, when he found it useful, he could pass from the most
complete calm to the most violent anger.

A little while before our last rupture with England, a rumor was spread that war was about to
recommence, and that the ambassador, Lord Whitworth, was preparing to leave Paris. Once amonth
the First Consul was in the habit of receiving, in Mme. Bonaparte’s apartments, the ambassadors and
their wives. This reception was held in great pomp. The foreigners were ushered into a drawing-room,
and when they were all there the First Consul would appear, accompanied by his wife. Both were
attended by a prefect and a lady of the palace. To each of them the ambassadors and their wives were
introduced by name. Mme. Bonaparte would take a seat; the First Consul would keep up the
conversation for a longer or a shorter time, according to his convenience, and then withdraw with a
slight bow. A few days before the breach of the peace, the Corps Diplomatique had met as usual at the
Tuileries. While they were waiting, I went to Mme. Bonaparte’s apartment, and entered the dressing-

room, where she was finishing her toilet.



The First Consul was sitting on the floor, playing with little Napoleon, the eldest son of his
brother Louis. He presently began to criticise his wife’s dress, and also mine, giving us his opinion on
every detail of our costume. He seemed to be in the best possible humor. I remarked this, and said to
him that, judging by appearances, the letters the ambassadors would have to write, after the
approaching audience, would breathe nothing but peace and concord. Bonaparte laughed, and went
on playing with his little nephew.

By-and-by he was told that the company had arrived. Then he rose quickly, the gayety vanished
from his face, and I was struck by the severe expression that suddenly replaced it: he seemed to grow
pale at will, his features contracted; and all this in less time than it takes me to describe it. “Let us go,
mesdames,” said he, in a troubled voice; and then he walked on quickly, entered the drawing-room,
and, without bowing to any one, advanced to the English ambassador. To him he began to complain
bitterly of the proceedings of his Government. His anger seemed to increase every minute; it soon
reached a height which terrified the assembly; the hardest words, the most violent threats, were poured
forth by his trembling lips. No one dared to move. Mme. Bonaparte and I looked at each other, dumb
with astonishment, and every one trembled. The impassibility of the Englishman was even

disconcerted, and it was with difficulty he could find words to answer.

I will now resume my sketch. Bonaparte carried selfishness so far that it was not easy to move him
about anything that did not concern himself. He was, however, occasionally surprised, as it were, into
impulses of tenderness; but they were very fugitive, and always ended in ill humor. It was not
uncommon to see him moved even to the point of shedding a few tears; they seemed to arise from
nervous irritation, of which they became the crisis. “I have,” he said, “very unmanageable nerves, and
at these times, if my blood did not always flow slowly, I think I should be very likely to go mad.” I
know, indeed, from Corvisart, that his pulse beat more slowly than is usual for a man’s. Bonaparte
never felt what is commonly called giddiness, and he always said that the expression, “My head is going
round,” conveyed no meaning to him. It was not only from the ease with which he yielded to all his
impulses that he often used language which was painful and distressing to those whom he addressed,
but also because he felt a secret pleasure in exciting fear, and in harassing the more or less trembling
individuals before him. He held that uncertainty stimulates zeal, and therefore he rarely displayed
satisfaction with either persons or things. Admirably served, always obeyed on the moment, he would
still find fault, and keep everybody in the palace in dread of his displeasure about some small detail. If
the easy flow of his conversation had established for the time a sense of ease, he would suddenly
imagine that it might be abused, and by a hard and imperious word put the person whom he had
welcomed and encouraged in his or her place—that is to say, in fear. He hated repose for himself and
grudged it to others. When M. de Rémusat had arranged one of those magnificent fétes where all the
arts were laid under contribution for his pleasure, I was never asked whether the Emperor was pleased,

but whether he had grumbled more or less. His service was the severest of toil. He has been heard to



say, in one of those moments when the strength of conviction appeared to weigh upon him, “The
truly happy man is he who hides from me in the country, and when I die the world will utter a great
Oufl”

I have said that Bonaparte was incapable of generosity; and yet his gifts were immense, and the
rewards he bestowed gigantic. But, when he paid for a service, he made it plain that he expected to buy
another, and a vague uneasiness as to the conditions of the bargain always remained. There was also a
good deal of caprice in his gifts, so that they rarely excited gratitude. Moreover, he required that the
money he distributed should all be expended, and he rather liked people to contract debts, because it
kept them in a state of dependence. His wife gave him complete satisfaction in the latter particular,
and he would never put her affairs in order, so that he might keep the power of making her uneasy in
his hands. At one time he settled a considerable revenue on M. de Rémusat, that we might keep what is
called open house, and receive a great many foreigners. We were very exact in the first expenses
demanded by a great establishment. A little while after, I had the misfortune to lose my mother, and
was forced to close my house. The Emperor then rescinded all his gifts, on the ground that we could
not keep the engagement we had made, and he left us in what was really a position of embarrassment,
caused entirely by his fugitive and burdensome gifts. I pause here. If I carry out the plan I have formed,
my memoty, carefully consulted, will furnish me by degrees with other anecdotes which will complete
this sketch. What I have already written will suffice to convey an idea of the character of him with

whom circumstances connected the best years of my life.
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SECTION 4.7 EXPONENTIAL AND LOGARITHMIC MODELS

Example 5  Using Newton’s Law of Cooling

A cheesecake is taken out of the oven with an ideal internal temperature of 165°F, and is placed into a 35°F
refrigerator. After 10 minutes, the cheesecake has cooled to 150°F. If we must wait until the cheesecake has cooled
to 70°F before we eat it, how long will we have to wait?

Solution Because the surrounding air temperature in the refrigerator is 35 degrees, the cheesecake’s temperature
will decay exponentially toward 35, following the equation

T(t) = Ae + 35
We know the initial temperature was 165, so T(0) = 165.

165 = Aek® + 35 Substitute (0, 165).
A =130 Solve for A.
We were given another data point, T(10) = 150, which we can use to solve for k.
150 = 130e*° 4 35 Substitute (10, 150).
115 = 1300 Subtract 35.
115 -
30 ¢ Divide by 130.
ln( % > =10k Take the natural log of both sides.
ln( 115 )
130

k= ~ —0.0123 Divide by the coefficient of k.

10
This gives us the equation for the cooling of the cheesecake: T(f) = 130e ~*'2* 4 35,

Now we can solve for the time it will take for the temperature to cool to 70 degrees.

70 = 130e700123 + 35 Substitute in 70 for T(¢).
35 = 130e 0012 Subtract 35.
% — 0o Divide by 130.
ln< 133—50> = —0.0123¢ Take the natural log of both sides
1n< 35 >
130

= 00123 106.68  Divide by the coefficient of .

It will take about 107 minutes, or one hour and 47 minutes, for the cheesecake to cool to 70°F.

Iry It #17

A pitcher of water at 40 degrees Fahrenheit is placed into a 70 degree room. One hour later, the temperature has risen
to 45 degrees. How long will it take for the temperature to rise to 60 degrees?

Exponential growth cannot continue forever. Exponential models, while they may be useful in the short term, tend to
fall apart the longer they continue. Consider an aspiring writer who writes a single line on day one and plans to double
the number of lines she writes each day for a month. By the end of the month, she must write over 17 billion lines, or
one-half-billion pages. It is impractical, if not impossible, for anyone to write that much in such a short period of time.
Eventually, an exponential model must begin to approach some limiting value, and then the growth is forced to slow.
For this reason, it is often better to use a model with an upper bound instead of an exponential growth model, though
the exponential growth model is still useful over a short term, before approaching the limiting value.
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CHAPTER 4 EXPONENTIAL AND LOGARITHMIC FUNCTIONS

The logistic growth model is approximately exponential at first, but it has a reduced rate of growth as the output
approaches the model’s upper bound, called the carrying capacity. For constants a, b, and ¢, the logistic growth of a
population over time x is represented by the model

o C
f(x) - 1 + ae—bx

The graph in Figure 6 shows how the growth rate changes over time. The graph increases from left to right, but the
growth rate only increases until it reaches its point of maximum growth rate, at which point the rate of increase

decreases.
St

Carrying capacity
|

c

1+ ae™

flx) =

(ln(a) < )
b 2
)
“1+a Point of maximum growth

/ N Initial value of population

Figure 6

logistic growth

The logistic growth model is

flx)= ﬁ
where e

is the initial value

. _C
1+a
o cis the carrying capacity, or limiting value

« bisa constant determined by the rate of growth.

Example 6  Using the Logistic-Growth Model

An influenza epidemic spreads through a population rapidly, at a rate that depends on two factors: The more people
who have the flu, the more rapidly it spreads, and also the more uninfected people there are, the more rapidly it spreads.
These two factors make the logistic model a good one to study the spread of communicable diseases. And, clearly, there
is a maximum value for the number of people infected: the entire population.

For example, at time t = 0 there is one person in a community of 1,000 people who has the flu. So, in that community,
at most 1,000 people can have the flu. Researchers find that for this particular strain of the flu, the logistic growth
constant is b = 0.6030. Estimate the number of people in this community who will have had this flu after ten days.
Predict how many people in this community will have had this flu after a long period of time has passed.

Solution We substitute the given data into the logistic growth model

Because at most 1,000 people, the entire population of the community, can get the flu, we know the limiting value is
¢ = 1000. To find a, we use the formula that the number of cases at time t = 0 is 1 € —1, from which it follows that a = 999.
1000
1 + 999670.6030)5
the actual number must be a whole number (a person has either had the flu or not) we round to 294. In the long term, the

number of people who will contract the flu is the limiting value, ¢ = 1000.

This model predicts that, after ten days, the number of people who have had the flu is f(x) = ~293.8. Because

Analysis  Remember that, because we are dealing with a virus, we cannot predict with certainty the number of people
infected. The model only approximates the number of people infected and will not give us exact or actual values. The graph in
Figure 7 gives a good picture of how this model fits the data.
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Figure 7 The graph of f(x) = 999 ber

Iry It #18

Using the model in Example 6, estimate the number of cases of flu on day 15.

Choosing an Appropriate Model for Data

Now that we have discussed various mathematical models, we need to learn how to choose the appropriate model
for the raw data we have. Many factors influence the choice of a mathematical model, among which are experience,
scientific laws, and patterns in the data itself. Not all data can be described by elementary functions. Sometimes, a
function is chosen that approximates the data over a given interval. For instance, suppose data were gathered on the
number of homes bought in the United States from the years 1960 to 2013. After plotting these data in a scatter plot,
we notice that the shape of the data from the years 2000 to 2013 follow a logarithmic curve. We could restrict the
interval from 2000 to 2010, apply regression analysis using a logarithmic model, and use it to predict the number of
home buyers for the year 2015.

Three kinds of functions that are often useful in mathematical models are linear functions, exponential functions, and
logarithmic functions. If the data lies on a straight line, or seems to lie approximately along a straight line, a linear
model may be best. If the data is non-linear, we often consider an exponential or logarithmic model, though other
models, such as quadratic models, may also be considered.

In choosing between an exponential model and a logarithmic model, we look at the way the data curves. This is called
the concavity. If we draw a line between two data points, and all (or most) of the data between those two points lies
above that line, we say the curve is concave down. We can think of it as a bowl that bends downward and therefore
cannot hold water. If all (or most) of the data between those two points lies below the line, we say the curve is concave
up. In this case, we can think of a bowl that bends upward and can therefore hold water. An exponential curve, whether
rising or falling, whether representing growth or decay, is always concave up away from its horizontal asymptote. A
logarithmic curve is always concave away from its vertical asymptote. In the case of positive data, which is the most
common case, an exponential curve is always concave up, and a logarithmic curve always concave down.

A logistic curve changes concavity. It starts out concave up and then changes to concave down beyond a certain point,
called a point of inflection.

After using the graph to help us choose a type of function to use as a model, we substitute points, and solve to find the
parameters. We reduce round-off error by choosing points as far apart as possible.
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CHAPTER 4 EXPONENTIAL AND LOGARITHMIC FUNCTIONS

Example 7  Choosing a Mathematical Model

Does a linear, exponential, logarithmic, or logistic model best fit the values listed in Table 1? Find the model, and use
a graph to check your choice.

x 1 2 3 4 5 6 7 8 9

y 0 1.386  2.197 2773 3219 3.584 3.892 4159 4.394

Table 1

Solution  First, plot the data on a graph as in Figure 8. For the purpose of graphing, round the data to two significant
digits.
Y

A
55

4.5 (]

35

2.5

L5 ¢

0.5

> X
1 23 45 6 7 8 910

Figure 8

Clearly, the points do not lie on a straight line, so we reject a linear model. If we draw a line between any two of the
points, most or all of the points between those two points lie above the line, so the graph is concave down, suggesting
a logarithmic model. We can try y = aln(bx). Plugging in the first point, (1,0), gives 0 = alnb.

We reject the case that a = 0 (if it were, all outputs would be 0), so we know In(b) = 0. Thus b = 1 and y = aln(x). Next
we can use the point (9,4.394) to solve for a:

y = aln(x)
4.394 = aln(9)
L 439
In(9)
4.394 . .
Becausea = n©) ~ 2, an appropriate model for the data is y = 2In(x).
To check the accuracy of the model, we graph the function together with the given points as in Figure 9.
y
A
55
; =21n(x)
45 y= mx =
RNy
3 % o
25 /
s
2
L5 /,/
1/
0.5
> X

1 23 456 7 8 910

Figure 9 The graph of y = 2Inx.

We can conclude that the model is a good fit to the data.
Compare Figure 9 to the graph of y = In(x?) shown in Figure 10.
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Figure 10 The graph of y = In(x?)
The graphs appear to be identical when x > 0. A quick check confirms this conclusion: y = In(x?) = 2In(x) for x > 0.

However, if x < 0, the graph of y = In(x?) includes a “extra” branch, as shown in Figure 11. This occurs because, while
y = 2In(x) cannot have negative values in the domain (as such values would force the argument to be negative), the
function y = In(x?) can have negative domain values.

Yy
A U= vln(xz) ‘
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Iry It #19

Does a linear, exponential, or logarithmic model best fit the data in Table 2? Find the model.

x 1 2 3 4 5 6 7 8 9
y 3.297 5.437 8.963 14.778 24.365 40.172 66.231 109.196 180.034

Table 2

Expressing an Exponential Model in Base e

While powers and logarithms of any base can be used in modeling, the two most common bases are 10 and e. In science
and mathematics, the base e is often preferred. We can use laws of exponents and laws of logarithms to change any
base to base e.

Given a model with the form y = ab*, change it to the form y = A e*~.
1. Rewrite y = ab* as y= e
2. Use the power rule of logarithms to rewrite y as y = ae"® = ge'"®x,

3. Note thata = A and k = In(b) in the equation y = Aoek".
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Example 8 Changing to base e
Change the function y = 2.5(3.1)* so that this same function is written in the form y = A e*~.
Solution
The formula is derived as follows
y=2.5(3.1)*
=2.5¢"3  Insert exponential and its inverse.
=2.5e¥1  Laws of logs.

= 2.5eM3*  Commutative law of multiplication

TV/V It #20
Change the function y = 3(0.5)* to one having e as the base.

Access these online resources for additional instruction and practice with exponential and logarithmic models.

e Logarithm Application — pH (http://openstaxcollege.org/l/logph)

e Exponential Model — Age Using Half-Life (http://openstaxcollege.org/l/expmodelhalf)

e Newton’s Law of Cooling (http://openstaxcollege.org/I/newtoncooling)

e Exponential Growth Given Doubling Time (http://openstaxcollege.org/l/expgrowthdbl)

e Exponential Growth — Find Initial Amount Given Doubling Time (http://openstaxcollege.org/l/initialdouble)
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4.7 SECTION EXERCISES

VERBAL
1. With what kind of exponential model would half-life 2. What is carbon dating? Why does it work? Give an
be associated? What role does half-life play in these example in which carbon dating would be useful.
models?
3. With what kind of exponential model would 4. Define Newton’s Law of Cooling. Then name at least
doubling time be associated? What role does three real-world situations where Newton’s Law of
doubling time play in these models? Cooling would be applied.

5. What is an order of magnitude? Why are orders of
magnitude useful? Give an example to explain.

NUMERIC
6. The temperature of an object in degrees Fahrenheit after t minutes is represented by the equation
T(t) = 68e~0"74 4 72 To the nearest degree, what is the temperature of the object after one and a half hours?

150

For the following exercises, use the logistic growth model f(x) = Ttges
e

7. Find and interpret f(0). Round to the nearest tenth. 8. Find and interpret f(4). Round to the nearest tenth.

9. Find the carrying capacity. 10. Graph the model.
11. Determine whether the data from the table could x 2 -1 0 1 2 3 4 5
best be represented as a function that is linear, f(x) 0.694 0.833 1 1.2 1.44 1.728 2.074 2.488

exponential, or logarithmic. Then write a formula
for a model that represents the data.

12. Rewrite f(x) = 1.68(0.65)" as an exponential
equation with base e to five significant digits.

TECHNOLOGY

For the following exercises, enter the data from each table into a graphing calculator and graph the resulting scatter
plots. Determine whether the data from the table could represent a function that is linear, exponential, or logarithmic.

3. 1 2 3 4 5 6 7 8 9 10
fx) 2 4079 5296 6159 6.828 7375 7.838 8.238 8592 8.908

Ll 1 2 3 4 5 6 7 8 9 10
fx) 24 288 3456 4.147 4977 5972 7166 8.6  10.32 12.383

15.

S 4 4 5 6 7 8 9 10 11 12 13
fx) 9429 9972 10415 1079 11.115 11.401 11.657 11.889 12.101 12.295

16.

x 1.25 2.25 3.56 4.2 5.65 6.75 7.25 8.6 9.25 10.5
f(x) 5.75 875 12.68 14.6 18.95 2225 2375 278 2975 335

For the following exercises, use a graphing calculator and this scenario: the population of a fish farm in ¢ years is

. 1000
modeled by the equation P(f) = TToeoe
17. Graph the function. 18. What is the initial population of fish?
19. To the nearest tenth, what is the doubling time for 20. To the nearest whole number, what will the fish
the fish population? population be after 2 years?
21. To the nearest tenth, how long will it take for the 22, What is the carrying capacity for the fish population?

population to reach 9002 Justify your answer using the graph of P.
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CHAPTER 4 EXPONENTIAL AND LOGARITHMIC FUNCTIONS

EXTENSIONS

23.

25.

A substance has a half-life of 2.045 minutes. If the
initial amount of the substance was 132.8 grams,
how many half-lives will have passed before the
substance decays to 8.3 grams? What is the total
time of decay?

Recall the formula for calculating the magnitude of
an earthquake, M = glog S§ . Show each step for
0

solving this equation algebraically for the seismic
moment S.

24. The formula for an increasing population is given by
P(t) = Pe" where P, is the initial population and
r > 0. Derive a general formula for the time ¢ it takes
for the population to increase by a factor of M.

26. What is the y-intercept of the logistic growth model
Y= T ae ? Show the steps for calculation. What

does this point tell us about the population?

27. Prove that b* = e™® for positive b # 1.
REAL-WORLD APPLICATIONS
For the following exercises, use this scenario: A doctor prescribes 125 milligrams of a therapeutic drug that decays
by about 30% each hour.

28. To the nearest hour, what is the half-life of the drug?  29. Write an exponential model representing the

30.

Using the model found in the previous exercise, find
f(10) and interpret the result. Round to the nearest
hundredth.

amount of the drug remaining in the patient’s
system after t hours. Then use the formula to find
the amount of the drug that would remain in the
patient’s system after 3 hours. Round to the nearest
milligram.

For the following exercises, use this scenario: A tumor is injected with 0.5 grams of Iodine-125, which has a decay
rate of 1.15% per day.

31.

33.

35.

37.

To the nearest day, how long will it take for half of
the Iodine-125 to decay?

A scientist begins with 250 grams of a radioactive
substance. After 250 minutes, the sample has decayed
to 32 grams. Rounding to five significant digits, write
an exponential equation representing this situation.
To the nearest minute, what is the half-life of this
substance?

The half-life of Erbium-165 is 10.4 hours. What is
the hourly decay rate? Express the decimal result
to four significant digits and the percentage to two
significant digits.

A research student is working with a culture of
bacteria that doubles in size every twenty minutes.
The initial population count was 1350 bacteria.
Rounding to five significant digits, write an
exponential equation representing this situation. To
the nearest whole number, what is the population
size after 3 hours?

32. Write an exponential model representing the
amount of Iodine-125 remaining in the tumor after
t days. Then use the formula to find the amount of
Iodine-125 that would remain in the tumor after 60
days. Round to the nearest tenth of a gram.

34. The half-life of Radium-226 is 1590 years. What is
the annual decay rate? Express the decimal result
to four significant digits and the percentage to two
significant digits.

36. A wooden artifact from an archeological dig
contains 60 percent of the carbon-14 that is present
in living trees. To the nearest year, about how many
years old is the artifact? (The half-life of carbon-14 is
5730 years.)



SECTION 4.7 SECTION EXERCISES

For the following exercises, use this scenario: A biologist recorded a count of 360 bacteria present in a culture after 5
minutes and 1,000 bacteria present after 20 minutes.
38. To the nearest whole number, what was the initial 39. Rounding to six significant digits, write an
population in the culture? exponential equation representing this situation.
To the nearest minute, how long did it take the
population to double?

For the following exercises, use this scenario: A pot of boiling soup with an internal temperature of 100° Fahrenheit
was taken off the stove to cool in a 69° F room. After fifteen minutes, the internal temperature of the soup was 95° F.

40. Use Newton’s Law of Cooling to write a formula that 41, To the nearest minute, how long will it take the soup
models this situation. to cool to 80° F?

42. To the nearest degree, what will the temperature be
after 2 and a half hours?

For the following exercises, use this scenario: A turkey is taken out of the oven with an internal temperature of 165°
Fahrenheit and is allowed to cool in a 75° F room. After half an hour, the internal temperature of the turkey is 145° F.

43, Write a formula that models this situation. 44. To the nearest degree, what will the temperature be
after 50 minutes?

45. To the nearest minute, how long will it take the
turkey to cool to 110° F?

For the following exercises, find the value of the number shown on each logarithmic scale. Round all answers to the
nearest thousandth.

46. log (x) 47. log (x)
<! | | | | | | | | | L 5 | | | | | | | | | | |
-5 -4 -3 2 -1 0 1 2‘ 3 4‘1 5 *‘5 -4 -3 2 -1 0 1 2 3 4 ;
48. Plot each set of approximate values of intensity of 49. Recall the formula for calculating the magnitude
sounds on a logarithmic scale: Whisper: 10’10% , of an earthquake, M = %log( S§ ) One earthquake
0

Vacuum: 1074%’ Jet: 102% has magnitude 3.9 on the MMS scale. If a second
earthquake has 750 times as much energy as the first,
find the magnitude of the second quake. Round to
the nearest hundredth.

For the following exercises, use this scenario: The equation N(f) = 900 1 odels the number of people in a town
1+ 49¢07
who have heard a rumor after ¢ days.
50. How many people started the rumor? 51. To the nearest whole number, how many people will

have heard the rumor after 3 days?

52. As t increases without bound, what value does N(¢)
approach? Interpret your answer.

For the following exercise, choose the correct answer choice.

53. A doctor and injects a patient with 13 milligrams of radioactive dye that decays exponentially. After 12 minutes,
there are 4.75 milligrams of dye remaining in the patient’s system. Which is an appropriate model for this
situation?

4.75
a f()=1300805) b f() =13 o f()=13e . f0) = T
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TRY IT ANSWERS

4. f)
p G = L The domain is ( —00, 00); the
: /4 range is (0, 00); the horizontal
3 (1.2) asymptote is y = 0.
A0
5 g(x)
glx).= 1.257% 5 ..
> The domain is ( —oo, 00); the
310, 1) range is (0, 00); the horizontal
9. { Q
(-1,125) e . _, asymptoteisy=0.
3 (7lsdao) e —
—10-8-6 —4 — 1 10
Y
6. flx) = —le" — 2; the domain is ( —00, 00); the range is

(— 00, 2); the horizontal asymptote is y = 2.

Section 4.3

1. a. logm(l,OO0,000) = 6 is equivalent to 10° = 1,000,000

b. log (25) = 2 is equivalent to 5* = 25 2. a. 3’ =9 is equivalent
tolog,(9) =2 b. 5° =125 is equivalent to log,(125) = 3
c.2'= % is equivalent to 10g2(%> =-1

3. log,,, (11) = % (recalling that \/121 = 121 = 11)

4, 10g2<3iz> =—5 5. 1log(1,000,000) =6 6. log(123) ~ 2.0899

8. Itis not
possible to take the logarithm of a negative number in the set of

7. The difference in magnitudes was about 3.929.

real numbers.

Section 4.4
1. (2, 0) 2. (5, 00)
3. fx) The domain is (0, co), the
¥ range is (—00, 00), and the
7 (é 1) vertical asymptote is x = 0.
R (1,0)
T 08642 | > o
1 B
2 flx) = Tog: (x)
2r gl
yx=10
4. f: The domain is (—4, 00), the
= X=10 range (—00, 00), and the
4 asymptote x = —4.
(=1,1)3 flx)=logs(x + 4)
N2
4 T ATl
65 /21 /iy
5 (3,1
55,0 (1,0)
Y
5 Y flx) = logy(x) + 2 The domain is (0, c0), the range is
(—00, 00), and the vertical asymptote
isx=0.
1

6. The domain is
x=0] y = logy(x)

(0, 00), the range

f(x) = Llog,(x)
(16, 1)

is (—00, 00), and
the vertical
asymptote is

x=0.

y
7. ' The domain is (2, 00), the range
5 X2 is (—00, 00), and the vertical
3 . asymptote is x = 2.
) N[
08642, 10
Y
8. y The domain is (—o0, 0), the
o range is (—00, 00), and the
3 vertical asymptote is x = 0.
1 9. x~3.049 10. x=1
~ s o~ 1. f(x) =2n(x+3) — 1
1x=0
Y

Section 4.5
1. log,(2) + log,(2) + log,(2) + log,(k) = 3log,(2) + log, (k)

2. log,(x + 3) — log,(x — 1) — log,(x — 2) 3. 2In(x)
4. —2In(x) 5. log,(16) 6. 2log(x) + 3log(y) — 4log(z)
7. zln(x) 8. lln(x — 1)+ 1In2x + 1) —In(x + 3) — In(x — 3)
9. log< % ); can also be written log<§ ) by reducing the

. 5(x — 1) Vx
fraction to lowest terms.  10. log (—(7x )

4
1. logw; this answer could also be written log M) .
(2x + 3)* (2x+3)

12. The pH increases by about 0.301. 13. 132%

In(100)  4.6051 _, 861 '

In(5) ~ 16094
Section 4.6
1. x=-2 2. x=-1 3 x=1
2 In(3)

4. The equation has no solution. 5 x= 5

(11 ) orin( 11} m(3)
6.tf21n(3>orln<3> 3

1 1
7. tzln(—) —-lhe) 8x=m@ Gx=¢
V2 2
10. x=¢"—1 11. x=9.97 12, x=1lorx=-1
13. £ = 703,800,000 x O08) oo~ 226,572, 993 years.
T In(0.5) e

Section 4.7

1. f(t) = A, e 000007 2, Less than 230 years; 229.3157 to be exact
3. f(t) = Aoe(]"?))‘ 4. 6.026 hours 5. 895 cases on day 15
6. Exponential. y = 2¢*% 7. y =30




C-16 ODD ANSWERS
ln<§) —3 67. About 5 years 69. ~ 0.567 7. ~2.078
2. x=—> 25. Nosolution  27. x=1In(3) y 73. ~ 22401
1 1 9_¢ 25,000 75. ~ —44655.7143
-2 _— — — —
29. 10 = 100 31. n=49 33. k= % 35. x = 3 20,000 (5,20,000) 77. About 5.83
. . 15,000 )
37. n=1 39. No solution 41. No solution 79. t=1In (l)l
10 3 10,000 . A
43. x = i? 45. x=10 47. x=0 49. x = 1 5,000 .
_ _ e > X _ T-T\x
J
y
1 i sA
= o : Section 4.7
-
3 1. Half-life is a measure of decay and is thus associated with
? — 0 =X exponential decay models. The half-life of a substance or quantity
oy 2 is the amount of time it takes for half of the initial amount of that
' i substance or quantity to decay. 3. Doubling time is a measure
5y of growth and is thus associated with exponential growth models.
The doubling time of a substance or quantity is the amount of
55. x = —5 57. x= ¢ _Z 10 ~32 time it takes for the initial amount of that substance or quantity
J: y to double in size. 5. An order of magnitude is the nearest
5 4 power of ten by which a quantity exponentially grows. It is also
i Rl o an approximate position on a logarithmic scale; Sample response:
~ 2 Orders of magnitude are useful when making comparisons
N N —
< Y s M -~ between numbers that differ by a great amount. For example, the
—8-7-6-5-4-3-2-1,] -1 . . .
! 5 y mass of Saturn is 95 times greater than the mass of Earth. This is
3y Y the same as saying that the mass of Saturn is about 10> times, or 2
11 orders of magnitude greater, than the mass of Earth.
59. No solution 61. x= N 2.2 7. £(0) ~ 16.7; the amount initially present is about 16.7 units.
y { 9. 150 11. Exponential; f(x) = 1.2*
L 13. Logarithmic 15. Logarithmic
N 4 y
e d R S S 3 f(x) A
- z"’ >X A 13+
RitEar »o A o 10+ .
3 TATITETL T , ¢ ° 7
j . 8+ o [ i
4 3 7+ ! 124 ¢
4 61 * . b
; 1 (] °
8 \ 15177 o | 0
Y 3+ 114 *
2 ) L)
63. x= % 95 1 , .
11 o N N T A O A Y
L]
2345678910 ol
] [
OE\ e R T o
4567 8910111213
P X
-2,1 2468101214
N
Y
17. P(t)
65. About $27,710.24 Looo
y 900
35,000 800
30,000 (20, 27710.24) Zgg:
25,0001 5601
20,000+ 400
15,000 T f(X) — 650080.0725x 300+
10,000 1 2001/
5000 010 0 - T
- 10” Tt T TIs s 0 n T —20—18—16—l4f12—10—8—6:41-6%;; 2.4 6 8 101214161820




ODD ANSWERS
19. About 1.4 years 21. About 7.3 years M., y 43. f(10)~2.3
23. Four half-lives; 8.18 minutes 0k 45. When f(x) = 8, x ~ 0.82
2% M= 2 log(s ) 27. Let y = b~ for some non-negative ; 47. f(x) = 25.081
3 S real number b such that b # 1. Then, an ) 1+ 3.182¢ 054
M= 10g<5> In(y) =1In(b") MR 49. About 25
2 5, In(y) = xIn (b) o (o
1% (i ) en0) — gin(b) ; o-q
S, y = eh® gl :
5,10% =5 R RN R R I
29, A =125e70%; A = 43mg 31. About 60 days 51
33. f(t) = 2500214 half-life: about 76 minutes ) ‘}:
35. r =~ —0.0667; hourly decay rate: about 6.67% 140
37. f(1) = 1350 e®946759% after 3 hours; P(180) ~ 691,200 o
39. f(t) = 256 ¢©%811%; doubling time: about 10 minutes 110
41. About 88minutes 43. T(t) = 90e0%%77) + 75 where t is 1(9)3
in minutes 45. About 113 minutes 47. loglox =1.5; x ~ 31.623 gg
49. MMS Magnitude: ~ 5.82 51. N3)~ 71 53. C 60
0
Section 4.8 »
1. Logistic models are best used for situations that have limited 1(:) it b
values. For example, populations cannot grow indefinitely since 53.
resources such as food, water, and space are limited, so a logistic f:
model best describes populations. 3. Regression analysis is igg -
the process of finding an equation that best fits a given set of data 120 A7
points. To perform a regression analysis on a graphing utility, first i(l)g
list the given points using the STAT then EDIT menu. Next graph 90
the scatter plot using the STAT PLOT feature. The shape of the data gg
points on the scatter graph can help determine which regression 60
feature to use. Once this is determined, select the appropriate ig /
regression analysis command from the STAT then CALC menu. 30
5. The y-intercept on the graph of a logistic equation corresponds fﬁ
to the initial population for the population model. EEENER SRS VR RV A M

7. C 9. B 11. P(0) =22;175
13. p~2.67 15. y-intercept: (0, 15) 17. 4 koi
19. About 6.8 months.
2.y 23. About 38 wolves
6001 25. About 8.7 years
550+ 27. f(x) =776.682(1.426)"
500+ 29
450+ : y
4001 7)000{,
3501 6,000+
300 5,000
2501 4,000+
200 3,000+
150 2,000+
100 1,000
50 ———+—+—+>x
e 0 234567
0 5101520
31 y 33. f(x) =731.92¢ 03038~
oot 35. When f(x) = 250, x ~ 3.6
5501@ 37. y =5.063 + 1.934log(x)
5001
4501 39. y
40045 oh
350
300+ i@ T
250 8y
200 e do
150+ * .
100
e ES
0 234567 x

o

234567

55. When f(x) = 68, x ~ 4.9 57. f(x) = 1.034341(1.281204)%
g(x) = 4.035510; the regression curves are symmetrical about
¥ = X, so it appears that they are inverse functions.

ln(a)—ln(;i —1>
b

59. f(x) =

Chapter 4 Review Exercises
1. Exponential decay; the growth factor, 0.825, is between 0 and 1.

3. y=0.25(3)" 5. $42,888.18 7. Continuous decay; the
growth rate is negative y
9. Domain: all real numbers; 10h
range: all real numbers 91

strictly greater than zero;
y-intercept: (0, 3.5) 6

—8-7-6-5-4-3—2-1 .1 12 3 4
Y
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