
   

Remote Learning Packet 
 
 

April 27-May 1, 2020 
Course​: 11 Precalculus 
Teacher(s)​: Mr. Simmons 
 
 
Weekly Plan​: 
 
Monday, May 4 
⬜ Story time! 
⬜ Read “Right triangles” 
⬜ Problems 1-5 odd 
 
Tuesday, May 5 
⬜ Read “The Sine, Cosine, and Tangent functions” 
 
Wednesday, May 6 
⬜ Problems 1-5 (all) 
 
Thursday, May 7 
⬜ Read “Relationships between Trig Functions” 
 
Friday, May 8 
⬜ Problems 1-8 (all)  

 



 

 
Monday, May 4 
 

1. Story time! If technologically feasible, send me an email telling me a fun story that happened 
recently. I miss you! (yes, you) 

 
Learning from packets is much harder than learning in class. I’ve found (after much searching) a good 
resource for learning trigonometry. We’ll be using it for the remainder of the year. It’s the second part of 
a book called ​Precalculus​ by Mr. Joseph Gerth. I’ve included it as a material on Google Classroom. 
 

2. Read “Right triangles” from Gerth’s ​Precalculus​ (pp. 84-90). 
3. Complete problems 1, 3, and 5 (pp. 90-91) 

 
 
Tuesday, May 5 
 

1. Read “The Sine, Cosine, and Tangent functions” (pp. 93-109). 
 
 
 
Wednesday, May 6 
 

1. Complete problems 1-5 (pp. 109-110) on the same piece of paper from Monday. 
 
 
Thursday, May 7 
 

1. Read “Relationships between the Trig functions” (pp. 113-121) 
 
 
 
Friday, May 8 
 

1. Complete problems 1-8 (pp. 121-122) on the same piece of paper from Monday and Wednesday. 
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e 

sp
ec

ia
l t

ria
ng

le
 ra

tio
, w

e 
ha

ve
 th

at
 𝑠

=
1

5
. T

hu
s 

th
e 

ot
he

r l
eg

,  

𝑌
𝑍

=
1

5
, 

an
d 

th
e 

hy
po

te
nu

se
, 

𝑋
𝑍

=
1

5
√
2

. 

Ke
ep
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 m

in
d 
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th

ag
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’s 

Th
eo

re
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 c
an

 s
til

l b
e 

us
ed
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et
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e 

to
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e 

fa
ct
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 𝑋
𝑌
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Le
t’s

 ta
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 m
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l r
ig

ht
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ia
ng
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 ra
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3
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ia
ng
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gh

t t
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ng
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6
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t l
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ng
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√
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𝑠.
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 b
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ll 

lo
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et

te
r 
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 p

ro
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w

ill
 n

ee
d 

to
 p
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I. 
A 
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ht
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ia

ng
le

 w
ith

 le
gs

 o
f 𝑠

 a
nd

 𝑠
√

3
, 

II.
 

A 
rig

ht
 tr

ia
ng

le
 w

ith
 a

 le
g 

of
 𝑠

 a
nd

 a
 h

yp
ot

en
us

e 
of

 2
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 a
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III
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A 

rig
ht

 tr
ia

ng
le

 w
ith

 a
 le

g 
of

 𝑠
√

3
 a

nd
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 h
yp

ot
en

us
e 

of
 2
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W
e 

w
ill

 p
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 th

e 
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n 
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av
e 
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e 

fin
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o 
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W
e 
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e 
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ht
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le
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√
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𝑎
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√
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𝑐
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=
𝑐
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=
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 r
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t d
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l f
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at

 th
e 

su
m

 o
f t

hr
ee

 a
ng

le
s 

in
 

a 
tr

ia
ng

le
 is

 a
lw

ay
s 

1
8

0
°. 
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 m
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𝛼
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−
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, r
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 c
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𝛼
=

6
0

°.
 

W
e’

ll 
us

e 
th

e 
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tio
s 

sh
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n 
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 o
ur

 p
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vi
ou

s 
re

su
lt 
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 d

et
er

m
in

e 
th

e 
sid

e 
le

ng
th
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Re
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ll 

fro
m

 G
eo

m
et

ry
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at
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or
te

st
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 o

f a
 tr

ia
ng
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 w

ill
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lw
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s b
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e 

sh
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an
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 S
in
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3
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−

6
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−

9
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ia
ng

le
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yp
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en
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ay
s 

tw
ic

e 
th

e 
le

ng
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 o
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sh
or
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w
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n 
w
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4

=
2
𝑏
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An
d 
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𝑏
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7
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 d

et
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m
in
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e 
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ni
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6

0
° 
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gl
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m
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m
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 p
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3
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w

e’
ll 
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𝑎
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√
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. 

W
e 

sh
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na
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th

ag
or
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w

s 
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 d

et
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m
in

e 
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e 
th
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e 
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t t
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ng
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r 
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is 
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w
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m
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t b
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t d
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 r
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 t
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t t
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 d
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1.
) 
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e 
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w

in
g 

pr
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m

s, 
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su
m

e 
th

at
 𝑎

 a
nd

 𝑏
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 th

e 
le

ng
th

s 
of

 le
gs

, a
nd

 th
at

 𝑐
 

is 
th

e 
le

ng
th
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f a

 h
yp

ot
en

us
e.

 F
in

d 
th

e 
le

ng
th
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f t

he
 m

is
sin

g 
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e.
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𝑎

=
1
2
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=

1
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(B
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𝑎

=
1
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,𝑏

=
2

.3
 

(C
) 
𝑎

=
2
4

,𝑏
=
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(D
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=
1
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=
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=

1
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3
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=
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𝑐

=
4
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=
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𝑐

=
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7
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=
2
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(H

) 
𝑎

=
1

0
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=
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u 
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g 
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nd
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. 

(A
) 
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 𝑎
=

5
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 𝑏

=
7
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 𝑎

=
7
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 𝑏
=

5
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th
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et
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m
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r 𝑐
? 

(B
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e 
th

at
 𝑎
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nd

 𝑏
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ng
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bl

e 
w
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n 

us
in

g 
Py

th
ag
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3.
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Ar
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l t
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ng
le
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ss
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 c
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 tr
ia
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ng
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0
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 2

0
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ot
en
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 1

5
? 
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? 

4.
) 
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ll 
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ng
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s’ 
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8

0
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 c
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w
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le
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l r
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t’s

 e
xp

lo
re

…
 

(A
) 
𝑎

=
3

,𝑏
=
4

,𝑐
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(B
) 

𝑎
=

?
,𝑏

=
1
2

,𝑐
=

1
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(C
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if 
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u

ca
n

di
sc

ov
er
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e 
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6.
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e 
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w
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g 
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e 

tr
ia

ng
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W
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t p
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m
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) 
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 m
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? 
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ul
tip

le
s 

of
 t

he
 s

m
al

le
st

 (a
nd

 m
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m
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w

or
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 d
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ha
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e 
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5
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2
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3
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e 
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e 
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w
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g 
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ng
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8.
) 
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 a
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at

te
r 
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 c

on
ve

nt
io
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n 

re
w

rit
e 

an
y 

ra
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e 
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in

 t
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de
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m
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h 
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at
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pl
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1 √
2

=
1 √
2
∙√
2

√
2

=
√
2 2
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 m
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t c
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, t
hi

s 
is

 p
ur
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y 
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 c
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ou
 

w
ill

 o
nl

y 
ne

ed
 to

 m
em

or
iz

e 
on

e 
se

t o
f n

um
be

rs
 w

he
n 

it 
co

m
es

 to
 s

pe
ci

fic
 T

rig
 

ra
tio

s. 
 

(A
) 

W
ha

t 
is

 t
he

 d
en

om
in

at
or

 in
 t

he
 e

xa
m

pl
e 

sh
ow

n 
ab

ov
e?

 A
nd

 w
ha

t 
is

 t
he

 
nu

m
er

at
or

 a
nd

 d
en

om
in

at
or

 o
f t

he
 n

um
be

r m
ul

tip
lie

d 
by

 1 √
2
? 

 

(B
) 

W
ha

t i
s 
√

2

√
2
? 

(C
) 

Ba
se

d 
on

 y
ou

r 
an

sw
er

 t
o 

(B
), 

ha
s 

th
e 

va
lu

e 
of

 
1 √
2
 c

ha
ng

ed
 a

fte
r 

th
e 

m
ul

tip
lic

at
io

n?
 U

se
 a

 c
al

cu
la

to
r i

f y
ou

’re
 n

ot
 c

on
vi

nc
ed

. 
(D

) 
U

se
 th

e 
ab

ov
e 

ex
am

pl
e 

to
 ra

tio
na

liz
e 

th
e 

fo
llo

w
in

g 
de

no
m

in
at

or
s. 

i. 
3 √
3
 

ii.
 

4 √
2
 

iii
. 

√
2

√
3
 

iv
. 

𝜋 √
7
 

v.
 

3 √
4
 

vi
. 

5

2
√

2
 

vi
i. 

2
4

√
1

2
 

vi
ii.

 
√
3

√
1
0
 

9.
) 

An
sw

er
 T

ru
e 

or
 F

al
se

.  
(A

) 
A 
4

5
°
−
4

5
°
−

9
0

° 
tr

ia
ng

le
 c

an
 n

ev
er

 h
av

e 
th

re
e 

sid
e 

le
ng

th
s 

w
hi

ch
 a

re
 a

ll 
w

ho
le

 n
um

be
rs

. 

 
 

§
1

 R
ig

ht
 tr

ia
ng

le
s 

– 
93

 

(B
) 

Th
e 

sh
or

te
st

 s
id

e 
of

 a
 tr

ia
ng

le
 is

 a
lw

ay
s 

op
po

sit
e 

of
 th

e 
sh

or
te

st
 a

ng
le

. 
(C

) 
Th

e 
hy

po
te

nu
se

 is
 a

lw
ay

s 
th

e 
lo

ng
es

t s
id

e 
of

 a
 tr

ia
ng

le
. 

(D
) 

A 
tr

ia
ng

le
 c

an
 n

ev
er

 h
av

e 
m

or
e 

th
an

 o
ne

 9
0

° a
ng

le
. 

(E
) 

Th
er

e 
is

 a
n 

in
fin

ite
 a

m
ou

nt
 o

f P
yt

ha
go

re
an

 T
rip

le
s. 

10
.) 

In
 y

ou
r o

w
n 

w
or

ds
, d

es
cr

ib
e 

th
e 

sh
or

tc
ut

 to
 c

om
pl

et
in

g 
an

 is
os

ce
le

s 
rig

ht
 tr

ia
ng

le
. 

11
.) 

In
 y

ou
r o

w
n 

w
or

ds
, d

es
cr

ib
e 

th
e 

sh
or

tc
ut

 to
 c

om
pl

et
in

g 
a 

3
0

°
−

6
0

°
−

9
0

° t
ria

ng
le

. 
12

.) 
W

ill
 y

ou
 fo

rg
et

 th
es

e 
sp

ec
ia

l t
ria

ng
le

 ra
tio

s?
 

13
.) 

W
he

re
 w

ill
 y

ou
 lo

ok
 if

 y
ou

 fo
rg

et
 th

em
? 

14
.) 

Yo
u’

re
 s

ur
e 

yo
u 

w
on

’t 
fo

rg
et

 th
em

??
 

 §
2

 
 

Th
e 

Si
ne

, C
os

in
e,

 a
nd

 T
an

ge
nt

 fu
nc

tio
ns

 

W
e 

us
ed

 G
eo

m
et

ry
 in

 t
he

 p
re

vi
ou

s 
se

ct
io

n 
(a

nd
 w

e 
w

ill
 fr

eq
ue

nt
ly

 fa
ll 

ba
ck

 o
n 

it)
 a

nd
 it

 
ha

d 
so

m
e 

go
od

 u
se

s, 
bu

t i
n 

th
is 

se
ct

io
n 

w
e 

w
ill

 d
is

co
ve

r a
 n

ew
 s

et
 o

f t
oo

ls 
th

at
 w

ill
 a

llo
w

 
us

 to
 d

o 
ev

en
 m

or
e.

  

M
or

e 
im

po
rt

an
tly

, t
ho

ug
h,

 is
 th

at
 w

e’
ll 

be
 a

bl
e

to
 re

la
te

 a
ng

le
 m

ea
su

re
s 

an
d 

sid
e 

le
ng

th
s. 

Ce
rt

ai
nl

y,
 t

hi
s 

w
ill

 a
llo

w
 u

s 
to

 c
al

cu
la

te
 m

or
e 

th
an

 w
e 

co
ul

d 
pr

ev
io

us
ly

, b
ut

 w
e 

w
ill

 a
lso

 
fin

d 
a 

sh
re

d 
of

 tr
ut

h 
th

at
 w

e 
fe

lt 
w

as
 th

er
e 

bu
t c

ou
ld

n’
t q

ui
te

 a
sc

er
ta

in
. 

To
 b

eg
in

 w
ith

, w
e’

ll 
de

fin
e 

a 
fu

nc
tio

n 
th

at
 ta

ke
s 

an
 a

cu
te

 a
ng

le
 a

s 
its

 in
pu

t a
nd

 re
tu

rn
s 

a 
ra

tio
 o

f t
w

o 
sid

e 
le

ng
th

s. 
 

Th
e 

Si
ne

 fu
nc

tio
n 

 
Th

e 
Si

ne
 fu

nc
tio

n 
ac

ce
pt

s a
s a

n 
in

pu
t a

n 
ac

ut
e 

an
gl

e 
of

 a
 ri

gh
t t

ria
ng

le
, a

nd
 th

en
 re

tu
rn

s 
th

e 
ra

tio
 o

f t
he

 s
id

e 
op

po
sit

e 
to

 th
e 

an
gl

e 
to

 th
e 

hy
po

te
nu

se
. S

ym
bo

lic
al

ly
, 

si
n
𝛼

=
𝑎 𝑐

 . 

W
e 

co
ul

d 
al

so
 s

ta
te

 th
at

 

si
n
𝛽

=
𝑏 𝑐

 . 
 

N
ot

e 
th

at
 o

ur
 c

ur
re

nt
 d

ef
in

iti
on

 o
nl

y 
ac

ce
pt

s 
ac

ut
e 

an
gl

es
 o

f a
 ri

gh
t t

ria
ng

le
. 



U
ni

t f
ou

r –
 9

4 

Ex
am

pl
e 

1a
 

W
rit

e 
th

e 
ra

tio
 o

f t
he

 s
in

e 
of

 a
ng

le
 𝛼

 a
nd

 𝛽
 g

iv
en

 F
ig

ur
e 

27
. 

 

 

Le
t’s

 s
ta

rt
 w

ith
 th

e 
sin

e 
of

 a
ng

le
 𝛼

, w
hi

ch
 is

 d
en

ot
ed

 a
s 

si
n
𝛼

. T
hi

s 
is

 ju
st

 a
 ra

tio
 –

 s
o 

al
l w

e 
ne

ed
 to

 d
o 

is 
cr

ea
te

 a
 fr

ac
tio

n.
 S

in
ce

 w
e’

ve
 d

ef
in

ed
 th

is 
fu

nc
tio

n 
as

 th
e 

sid
e 

op
po

si
te

 to
 

th
e 

hy
po

te
nu

se
, w

e 
ju

st
 n

ee
d 

to
 w

rit
e 

 si
n
𝛼

=
3 6
.7

 , 
 

Si
nc

e 
3

 is
 th

e 
sid

e 
op

po
sit

e 
an

d 
6

.7
 is

 th
e 

hy
po

te
nu

se
. I

t r
ea

lly
 is

 th
at

 s
im

pl
e!

 

Th
e 

sin
e 

of
 a

ng
le

 𝛽
 is

 h
an

dl
ed

 t
he

 s
am

e 
w

ay
, e

xc
ep

t 
no

tic
e 

th
at

 t
he

 s
id

e 
op

po
sit

e 
𝛽

 is
 

di
ffe

re
nt

 th
an

 th
e 

sid
e 

op
po

sit
e 

of
 𝛼

. I
n 

th
is 

ca
se

 w
e 

ha
ve

 

si
n
𝛽

=
6 6
.7

 . 

W
ha

te
ve

r a
ng

le
 𝛼

 is
, w

he
n 

w
e 

in
pu

t i
t i

nt
o 

th
e 

sin
e 

fu
nc

tio
n,

 w
e 

re
ce

iv
e 

as
 a

n 
ou

tp
ut

 
3 6
.7

. 

Th
e 

sa
m

e 
is

 tr
ue

 fo
r 
𝛽

; w
he

n 
w

e 
in

pu
t 
𝛽

 in
to

 th
e 

si
ne

 fu
nc

tio
n,

 w
e 

re
ce

iv
e 

as
 a

n 
ou

tp
ut

 
6 6
.7

 . 
 

O
f c

ou
rs

e,
 th

at
 h

as
n’

t r
ea

lly
 re

ve
al

ed
 to

 u
s 

an
y 

ne
w

 in
fo

rm
at

io
n.

 L
et

’s 
tr

y 
a 

pr
ob

le
m

 th
at

 
te

ac
he

s 
us

 s
om

et
hi

ng
, s

ha
ll 

w
e?

 

Ex
am

pl
e 

1b
 

Ev
al

ua
te

 s
in

3
0

° g
iv

en
 F

ig
ur

e 
28

. 

 

 

Fi
gu

re
 2

7 

Fi
gu

re
 2

8 

 
 

§
2

 T
he

 S
in

e,
 C

os
in

e,
 a

nd
 T

an
ge

nt
 fu

nc
tio

ns
 –

 9
5 

To
 a

ns
w

er
 th

is,
 w

e 
sim

pl
y 

ne
ed

 to
 s

et
 u

p 
ou

r r
at

io
. B

as
ed

 o
n 

w
ha

t w
e’

ve
 b

ee
n 

gi
ve

n,
 w

e 
ha

ve
 

si
n

3
0

°
=

2

h
yp

o
te

n
u

se
 . 

Bu
t 

w
ha

t 
is 

th
e 

le
ng

th
 o

f 
th

e
hy

po
te

nu
se

? 
W

e 
ca

n 
ea

sil
y 

fin
d 

th
at

 o
ut

 u
si

ng
 w

ha
t 

w
e 

le
ar

ne
d 

in
 th

e 
pr

ev
io

us
 se

ct
io

n.
i  S

in
ce

 2
 is

 th
e 

le
ng

th
 o

f t
he

 sh
or

t l
eg

, t
he

n 
th

e 
hy

po
te

nu
se

 
m

us
t 

be
 t

w
ic

e 
th

at
 le

ng
th

. H
en

ce
 w

e 
co

nc
lu

de
 t

ha
t 

th
ey

 h
yp

ot
en

us
e 

ha
s 

a 
le

ng
th

 o
f 
4

. 
Th

er
ef

or
e 

si
n

3
0

°
=
2 4

=
1 2

. 

So
 w

ha
t d

id
 w

e 
fin

d 
ou

t?
 W

el
l, 

if 
yo

u 
in

pu
t 3

0
° i

nt
o 

th
e 

sin
e 

fu
nc

tio
n,

 y
ou

 s
ho

ul
d 

ge
t o

ut
 

1 2
. B

ut
 th

er
e’

s 
a 

ve
ry

 im
po

rt
an

t q
ue

st
io

n 
to

 a
ns

w
er

:  
W

ill
 th

is 
on

ly
 h

ap
pe

n 
w

he
n 

th
e 

sh
or

t 

le
g 

of
 a

 3
0

°
−

6
0

°
−

9
0

° 
tr

ia
ng

le
 h

as
 a

 le
ng

th
 o

f 2
? 

Pu
t a

no
th

er
 w

ay
, d

oe
s 

th
e 

si
ze

 o
f t

he
 

tr
ia

ng
le

 p
la

y 
a 

ro
le

 in
 d

et
er

m
in

in
g 

th
e 

re
su

lt 
of

 s
in

3
0

°?
 

To
 a

ns
w

er
 t

hi
s 

qu
es

tio
n,

 w
e 

w
ill

 d
o 

as
 a

ll 
m

at
he

m
at

ic
ia

ns
 d

o:
  

W
e 

w
ill

 e
xp

lo
re

, w
e 

w
ill

 
ex

pe
rim

en
t, 

w
e 

w
ill

 p
la

y!
 W

e’
ll 

m
ak

e 
a 

ne
w

 tr
ia

ng
le

 w
ith

 a
n 

an
gl

e 
of

 3
0

° t
ha

t h
as

 a
 d

iff
er

en
t 

siz
e 

an
d 

ob
se

rv
e 

w
ha

t h
ap

pe
ns

. 

Ex
am

pl
e 

1c
 

Ev
al

ua
te

 s
in

3
0

° u
si

ng
 F

ig
ur

e 
29

. 

 

 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
i  T

hi
s 

is
 e

xa
ct

ly
 w

ha
t w

e 
m

ea
n 

w
e 

sa
y 

th
at

 y
ou

 w
ill

 n
ee

d 
to

 b
e 

ve
ry

 a
de

pt
 a

t t
he

 p
re

vi
ou

s 
se

ct
io

n.
 T

hi
s 

is
 

of
te

n 
ho

w
 w

e’
ll 

ca
lc

ul
at

e 
ou

r T
rig

 fu
nc

tio
ns

 –
 b

y 
se

tt
in

g 
up

 a
 s

pe
ci

al
 ri

gh
t t

ria
ng

le
, a

nd
 fi

lli
ng

 in
 th

e 
re

st
 o

f 
th

e 
in

fo
rm

at
io

n.
 T

he
re

fo
re

, w
e’

ll 
st

at
e 

it 
ag

ai
n:

  L
ea

rn
 th

e 
pr

ev
io

us
 s

ec
tio

n!
 

Fi
gu

re
 2

9 



U
ni

t f
ou

r –
 9

6 

W
e 

ap
pl

y 
th

e 
sa

m
e 

pr
oc

ed
ur

e.
 In

 t
hi

s 
ca

se
, t

he
 h

yp
ot

en
us

e 
m

us
t 

be
 2

0
. S

in
ce

 t
he

 s
in

e 
ra

tio
 is

 
o
p
p
o
si
te

h
y
p
o
te
n
u
se

, a
nd

 th
e 

sid
e 

le
ng

th
 o

pp
os

ite
 to

 3
0

° i
s 

1
0

, w
e 

co
nc

lu
de

 th
at

  

si
n

3
0

°
=

1
0

2
0

=
1 2

. 

N
ow

 w
ai

t j
us

t 
a 

m
in

ut
e,

 t
ha

t’s
 v

er
y 

in
te

re
st

in
g!

 W
hy

 d
id

 a
 d

iff
er

en
t 

siz
e 

tr
ia

ng
le

 g
iv

e 
us

 
th

e 
sa

m
e 

re
su

lt?
 T

hi
s 

is
 m

os
t u

ne
xp

ec
te

d!
 

In
de

ed
, m

uc
h 

of
 m

at
he

m
at

ic
s 

w
as

 d
isc

ov
er

ed
 in

 t
he

 s
am

e 
w

ay
. I

t 
st

ar
ts

 w
ith

 a
 s

im
pl

e 
cu

rio
sit

y,
 a

nd
 th

en
 a

 c
on

sc
io

us
 e

ffo
rt

 to
 p

ok
e 

an
d 

pr
od

 w
ha

te
ve

r y
ou

 h
av

e 
un

til
 it

 g
iv

es
 

up
 s

om
e 

pr
of

ou
nd

 tr
ut

h.
ii  T

hi
nk

 o
f m

at
h 

lik
e 

a 
pi

ña
ta

, w
hi

ch
 c

on
ta

in
s 

so
 m

uc
h 

de
lic

io
us

 
tr

ut
h.

 B
ut

 t
he

 o
nl

y 
w

ay
 t

o 
ge

t 
at

 it
 is

 t
o 

sw
in

g 
at

 it
 a

 f
ew

 t
im

es
 (

an
d 

of
te

nt
im

es
 t

hi
s 

sw
in

gi
ng

 is
 tr

ul
y 

di
ffi

cu
lt!

). 

In
 th

is 
ca

se
, t

he
 p

ro
fo

un
d 

tr
ut

h 
se

em
s 

to
 b

e 
th

at
 s

in
3

0
°

=
1 2
 n

o 
m

at
te

r w
ha

t s
iz

e 
tr

ia
ng

le
 

w
e 

ha
ve

. T
hu

s 
w

e 
sh

ar
e 

th
e 

fo
llo

w
in

g 
ve

ry
 im

po
rt

an
t t

he
or

em
.  

Th
e 

de
pe

nd
en

cy
 o

f s
in
𝛼

  
 Th

e 
ou

tp
ut

 o
f s

in
𝛼

 o
nl

y 
de

pe
nd

s 
on

 𝛼
. T

he
 s

iz
e 

of
 th

e 
tr

ia
ng

le
 is

 ir
re

le
va

nt
. 

Th
er

e 
is

, o
f c

ou
rs

e,
 a

 r
ea

so
n 

th
at

 s
in
𝛼

 d
oe

s 
no

t d
ep

en
d 

on
 th

e 
si

ze
 o

f t
he

 tr
ia

ng
le

, a
nd

 
w

e’
ll 

br
ie

fly
 e

xp
lo

re
 th

is
 in

 th
e 

Ex
er

ci
se

s. 

Th
is 

pr
of

ou
nd

 tr
ut

h 
w

ill
 a

llo
w

 u
s 

to
 c

on
st

ru
ct

 a
ny

 s
iz

e 
tr

ia
ng

le
 w

e 
w

is
h 

w
he

n 
w

e 
go

 a
bo

ut
 

de
te

rm
in

in
g 

th
e 

sin
e 

of
 a

ny
 a

ng
le

. T
hi

s 
is

 u
se

fu
l, 

sin
ce

 s
om

e 
ch

oi
ce

s 
w

ill
 b

e 
ea

si
er

 t
ha

n 
ot

he
rs

. I
n 

fa
ct

, i
t i

s 
th

is
 v

er
y 

fa
ct

 th
at

 w
ill

 m
ot

iv
at

e 
ou

r w
or

k 
in

 th
e 

ne
xt

 u
ni

t. 
Le

t’s
 b

rie
fly

 
ex

pl
or

e 
th

is 
id

ea
. 

Ex
am

pl
e 

1d
 

Ev
al

ua
te

 s
in
4

5
°. 

Ba
se

d 
on

 w
ha

t 
w

e 
ju

st
 le

ar
ne

d,
 w

e 
sh

ou
ld

 c
re

at
e 

a 
4

5
°
−
4

5
°
−

9
0

° 
tr

ia
ng

le
, a

nd
 t

he
n 

cr
ea

te
 a

 ra
tio

 u
si

ng
 th

e 
le

ng
th

s 
of

 th
e 

op
po

sit
e 

si
de

 a
nd

 th
e 

hy
po

te
nu

se
. I

t w
ou

ld
 b

e 
fa

ir 
to

 a
sk

 w
ha

t t
ria

ng
le

, e
xa

ct
ly

, y
ou

 s
ho

ul
d 

cr
ea

te
. W

e 
st

ar
t w

ith
 th

e 
ba

sic
s 

in
 F

ig
ur

e 
30

. 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
ii  A

nd
 th

is 
pr

oc
es

s 
of

 e
xp

er
im

en
ta

tio
n 

an
d 

ve
rif

ic
at

io
n 

ca
n 

be
 a

s 
qu

ic
k 

an
d 

pa
in

le
ss

 a
s 

w
e 

ju
st

 w
itn

es
se

d,
 

or
 it

 c
ou

ld
 ta

ke
 s

ev
er

al
 y

ea
rs

. O
r c

en
tu

rie
s. 

Bu
t i

t’s
 th

e 
jo

ur
ne

y 
th

at
 c

ou
nt

s, 
rig

ht
? 

 

 
 

§
2

 T
he

 S
in

e,
 C

os
in

e,
 a

nd
 T

an
ge

nt
 fu

nc
tio

ns
 –

 9
7 

 

 

W
e’

ve
 d

ra
w

n 
so

m
e 

iso
sc

el
es

 ri
gh

t t
ria

ng
le

. N
ow

 h
ow

 s
ho

ul
d 

w
e 

la
be

l t
he

 a
ng

le
s 

an
d 

th
e 

sid
e 

le
ng

th
s?

 C
er

ta
in

ly
, t

he
 tw

o 
no

n-
rig

ht
 a

ng
le

s 
m

us
t b

e 
4

5
° 

(s
in

ce
 th

ey
 a

re
 b

ot
h 

eq
ua

l 
an

d 
m

us
t e

qu
al

 9
0

°)
, b

ut
 w

ha
t a

bo
ut

 th
e 

sid
e 

le
ng

th
s?

 W
e 

co
ul

d,
 fo

r e
xa

m
pl

e,
 s

ta
rt

 w
ith

 
th

e 
le

gs
, a

nd
 la

be
l e

ac
h,

 s
ay

, 1
0

. O
nc

e 
w

e’
ve

 m
ad

e 
th

at
 d

ec
isi

on
, w

e 
m

us
t c

on
cl

ud
e 

th
at

 
th

e 
hy

po
te

nu
se

 is
 1

0
√
2

.iii
 W

e 
dr

aw
 th

is
 in

 F
ig

ur
e 

31
. 

 

 

Th
er

e’
s 

no
th

in
g 

w
ro

ng
 w

ith
 t

he
 p

re
vi

ou
s 

pi
ct

ur
e,

 b
ut

 i
t 

al
so

 i
sn

’t 
th

e 
be

st
. S

ho
ul

d 
w

e 
ch

oo
se

 a
 s

m
al

l n
um

be
r?

 O
r, 

sh
ou

ld
n’

t w
e 

ch
oo

se
 s

om
e 

nu
m

be
r w

he
re

 w
e 

w
on

’t 
ha

ve
 a

ny
 

sim
pl

ifi
ca

tio
n?

 

Be
ca

us
e 

of
 th

is,
 w

hy
 d

on
’t 

w
e 

le
t t

he
 le

gs
 b

e 
of

 le
ng

th
 1

.iv
 T

he
n 

w
e 

ha
ve

 F
ig

ur
e 

32
. 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
iii
 S

ee
 th

e 
pr

ev
io

us
 s

ec
tio

n.
 

iv
 Y

ou
 m

ay
 n

ot
 s

ee
 th

at
 th

is 
is

 th
e 

“s
im

pl
es

t”
 n

um
be

r. 
Th

at
’s 

fin
e!

 T
hi

s 
is

 s
om

et
hi

ng
 y

ou
 fi

nd
 o

ut
 th

ro
ug

h 
ex

pe
rim

en
ta

tio
n 

an
d 

ex
pl

or
at

io
n.

  

Fi
gu

re
 3

0 

Fi
gu

re
 3

1 



U
ni

t f
ou

r –
 9

8 

 

 

To
 c

al
cu

la
te

 s
in
4

5
°, 

th
en

, w
e 

ju
st

 n
ee

d 
to

 s
et

 u
p 

ou
r r

at
io

 a
cc

or
di

ng
ly

.v  W
e 

ha
ve

 

si
n
4

5
°

=
1 √
2

 . 

W
ha

t i
f w

e 
ha

d 
ch

os
en

 th
e 

or
ig

in
al

 tr
ia

ng
le

, w
he

re
 th

e 
le

gs
 h

ad
 a

 le
ng

th
 o

f 1
0

? 
Th

en
 w

e 
w

ou
ld

 h
av

e 
ha

d 

si
n
4

5
°

=
1

0

1
0
√
2

=
1 √
2

 , 

W
hi

ch
 is

 t
he

 s
am

e 
an

sw
er

, a
lth

ou
gh

 it
 w

as
 o

ne
 le

ss
 s

te
p 

to
 g

et
 to

 t
he

 a
ns

w
er

. I
n 

fu
tu

re
 

se
ct

io
ns

, w
e’

ll 
be

 p
ic

ki
ng

 a
 v

er
y 

pa
rt

ic
ul

ar
 tr

ia
ng

le
 to

 w
or

k 
w

ith
 w

he
n 

w
e 

w
an

t t
o 

ev
al

ua
te

 
so

m
e 

Tr
ig

 fu
nc

tio
n.

 W
e 

ar
e 

ju
st

 b
ei

ng
 c

le
ve

r, 
an

d 
tr

yi
ng

 t
o 

sa
ve

 o
ur

se
lv

es
 s

om
e 

tim
e 

– 
al

th
ou

gh
 th

is 
is 

no
t m

an
da

to
ry

, a
nd

 y
ou

 a
re

 fr
ee

 to
 p

ic
k 

an
y 

tr
ia

ng
le

 y
ou

 li
ke

.vi
 

A 
sin

gl
e 

st
ep

 m
ay

 s
ee

m
 in

si
gn

ifi
ca

nt
, b

ut
 s

in
ce

 w
e’

ll 
be

 g
oi

ng
 b

ac
k 

to
 th

es
e 

tw
o 

sp
ec

ia
l 

tr
ia

ng
le

s 
ag

ai
n 

an
d 

ag
ai

n,
vi

i  y
ou

’ll
 w

an
t 

to
 s

tr
ea

m
lin

e 
th

e 
pr

oc
es

s 
as

 m
uc

h 
as

 p
os

sib
le

. 
Re

ga
rd

le
ss

, w
e 

no
w

 h
av

e 
an

ot
he

r 
va

lu
e 

or
 r

at
io

 t
o 

ad
d 

to
 o

ur
 li

st
, w

hi
ch

 y
ou

’ll
 w

or
k 

on
 

co
m

pl
et

in
g 

in
 th

e 
Ex

er
ci

se
s. 

O
ne

 m
or

e 
no

te
 b

ef
or

e 
w

e 
co

nt
in

ue
 o

n:
  M

os
t t

ex
tb

oo
ks

 w
ill

 te
ll 

yo
u 

th
at

 s
in
4

5
°

=
√

2 2
. A

re
 

th
ey

 w
ro

ng
? 

An
d 

w
he

re
 d

id
 t

he
y 

ge
t 

th
at

 a
ns

w
er

 f
ro

m
? 

An
d 

w
hy

 w
ou

ld
 t

he
y 

bo
th

er
 

w
rit

in
g 

it 
lik

e 
th

at
? 

G
oo

d 
qu

es
tio

ns
! 

Le
t u

s n
ow

 m
ov

e 
on

 to
 th

e 
Co

sin
e 

fu
nc

tio
n.

 B
y 

its
 v

er
y 

na
m

e,
 w

e 
ca

n 
in

fe
r t

ha
t i

t i
s r

el
at

ed
 

to
 th

e 
sin

e 
fu

nc
tio

n,
 a

nd
 –

 a
s 

w
e’

ll 
so

on
 s

ee
 –

 th
is 

is
 v

er
y 

m
uc

h 
th

e 
ca

se
. 

    
   

   
   

   
   

   
   

   
   

   
   

   
   

    
v  W

ill
 it

 m
at

te
r w

hi
ch

 4
5

° a
ng

le
 w

e 
ch

oo
se

? 
Se

e 
fo

r y
ou

rs
el

f! 
vi
 W

e 
w

ill
 re

ite
ra

te
 th

is 
po

in
t i

n 
fu

tu
re

 s
ec

tio
ns

. 
vi

i  A
nd

 a
ga

in
! 

Fi
gu

re
 3

2 

 
 

§
2

 T
he

 S
in

e,
 C

os
in

e,
 a

nd
 T

an
ge

nt
 fu

nc
tio

ns
 –

 9
9 

 Th
e 

Co
sin

e 
fu

nc
tio

n 

 
Th

e 
Co

sin
e 

fu
nc

tio
n 

ac
ce

pt
s 

as
 a

n 
in

pu
t 

an
 a

cu
te

 a
ng

le
 o

f 
a 

rig
ht

 t
ria

ng
le

, a
nd

 t
he

n 
re

tu
rn

s 
th

e 
ra

tio
 o

f t
he

 s
id

e 
ad

ja
ce

nt
 to

 th
e 

an
gl

e 
to

 th
e 

hy
po

te
nu

se
. S

ym
bo

lic
al

ly
, 

co
s
𝛼

=
𝑏 𝑐

. 

W
e 

co
ul

d 
al

so
 s

ta
te

 th
at

  
co

s
𝛽

=
𝑎 𝑐

 . 

Th
e 

Co
sin

e 
fu

nc
tio

n 
is

 v
er

y 
sim

ila
r 

to
 t

he
 S

in
e 

fu
nc

tio
n.

 It
, t

oo
, a

cc
ep

ts
 a

n 
an

gl
e 

as
 a

n 
in

pu
t. 

Bu
t 

th
is 

tim
e 

it 
re

tu
rn

s 
as

 a
n 

ou
tp

ut
 t

he
 s

id
e 

le
ng

th
 a

dj
ac

en
tvi

ii  
to

 𝛼
 o

ve
r 

th
e 

hy
po

te
nu

se
. T

hi
s 

– 
ag

ai
n 

– 
ha

s 
on

ly
 b

ee
n 

de
fin

ed
 fo

r a
cu

te
 a

ng
le

s 
in

 a
 ri

gh
t t

ria
ng

le
. 

Ex
am

pl
e 

2a
 

W
rit

e 
th

e 
Co

sin
e 

ra
tio

 o
f 𝛼

 g
iv

en
 F

ig
ur

e 
33

. 

 

 

Al
l w

e 
ne

ed
 to

 d
o 

is
 m

ak
e 

a 
fra

ct
io

n 
of

 th
e 

le
ng

th
 o

f t
he

 a
dj

ac
en

t l
eg

 o
ve

r t
he

 h
yp

ot
en

us
e.

 
Th

is 
is

 s
im

pl
e:

 W
e 

ge
t 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
vi

ii  N
ot

e 
th

at
 a

dj
ac

en
t m

ea
ns

 to
uc

hi
ng

. A
nd

 w
hi

le
, y

es
, t

he
 h

yp
ot

en
us

e 
is

 to
uc

hi
ng

 𝛼
, w

ha
t w

e 
re

al
ly

 m
ea

n 
is 

th
e 

ad
ja

ce
nt

 le
g.

 
 

Fi
gu

re
 3

3 



U
ni

t f
ou

r –
 1

00
 

co
s
𝛼

=
4 5

. 

It 
is 

im
po

rt
an

t t
o 

no
te

 th
at

 th
es

e 
ra

tio
s 

w
ill

 o
nl

y 
w

or
k 

w
ith

 ri
gh

t t
ria

ng
le

s. 
W

as
 th

e 
ab

ov
e 

tr
ia

ng
le

 a
 ri

gh
t t

ria
ng

le
? 

It 
m

ig
ht

 lo
ok

 th
at

 w
ay

, b
ut

 h
ow

 c
an

 w
e 

be
 su

re
?ix

 U
p 

to
 th

is 
po

in
t, 

w
e’

ve
 a

lw
ay

s 
se

en
 t

he
 b

ox
 a

t 
th

e 
rig

ht
 a

ng
le

. H
er

e 
w

e 
do

n’
t 

ha
ve

 o
ne

 –
 s

o 
is

 o
ur

 r
es

ul
t 

in
co

rr
ec

t?
 

Th
is 

is
 a

n 
ex

ce
lle

nt
 q

ue
st

io
n 

an
d 

on
e 

yo
u 

m
us

t b
e 

aw
ar

e 
of

. P
yt

ha
go

ra
s’ 

Th
eo

re
m

 te
lls

 u
s 

th
at

 fo
r a

ny
 ri

gh
t t

ria
ng

le
, 

𝑎
2

+
𝑏

2
=
𝑐

2
. 

Th
e 

co
nv

er
se

 o
f 

Py
th

ag
or

as
’ T

he
or

em
 –

 t
ha

t 
is,

 i
f 
𝑎

2
+
𝑏

2
=
𝑐

2
 t

he
n 

yo
u 

ha
ve

 a
 r

ig
ht

 
tr

ia
ng

le
 –

 is
 a

lso
 tr

ue
. S

in
ce

  

3
2

+
4

2
=

5
2

, 

w
e 

ca
n 

co
nc

lu
de

 w
e 

ha
ve

 a
 r

ig
ht

 t
ria

ng
le

. 
Th

us
 t

he
 a

fo
re

m
en

tio
ne

d 
co

nc
lu

sio
n 

(th
at

 
co

s
𝛼

=
4 5
) i

s 
co

rr
ec

t. 

Ex
am

pl
e 

2b
 

Li
st

 o
ut

 th
e 

Si
ne

 a
nd

 C
os

in
e 

ra
tio

s 
fo

r a
ng

le
s 
𝛼

 a
nd

 𝛽
 in

 F
ig

ur
e 

34
. 

 

 

Re
m

em
be

r t
o 

fir
st

 v
er

ify
 th

at
 y

ou
 h

av
e 

a 
rig

ht
 tr

ia
ng

le
. S

in
ce

 

5
2

+
1
2

2
=

1
3

2
, 

w
e 

ca
n 

m
ov

e 
on

 to
 th

e 
ne

xt
 s

te
p.

 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
ix
 F

or
 e

xa
m

pl
e,

 if
 th

e 
un

na
m

ed
 a

ng
le

, c
al

l i
t 𝛾

, i
s 

eq
ua

l t
o 

8
9

.9
9

 (w
hi

ch
 is

 re
al

ly
 c

lo
se

 to
 9

0
) t

he
n 

ou
r T

rig
 

ra
tio

s 
ar

e 
in

ac
cu

ra
te

. W
e 

m
us

tb
e 

po
si

tiv
e 

w
e 

ha
ve

 a
n 

ac
tu

al
 ri

gh
t t

ria
ng

le
; i

t i
s 

no
t g

oo
d 

en
ou

gh
 to

 
al

m
os

t b
e 

a 
rig

ht
 tr

ia
ng

le
. 

Fi
gu

re
 3

4 

 
 

§
2

 T
he

 S
in

e,
 C

os
in

e,
 a

nd
 T

an
ge

nt
 fu

nc
tio

ns
 –

 1
01

 

Le
t u

s 
de

al
 w

ith
 𝛼

 fi
rs

t. 
O

ur
 ra

tio
s 

fo
r 𝛼

 a
re

 

si
n
𝛼

=
5 1
3

 

an
d 

co
s
𝛼

=
1
2

1
3

 . 

Th
en

, w
ith

 re
sp

ec
t t

o 
𝛽

, w
e 

ha
ve

 

si
n
𝛽

=
1
2

1
3

an
d 

 

co
s
𝛽

=
5 1
3

 . 

Bu
t i

sn
’t 

th
er

e 
so

m
et

hi
ng

 p
ec

ul
ia

r a
bo

ut
 o

ur
 re

su
lts

? 
Lo

ok
 a

ga
in

 –
 is

 th
er

e 
an

yt
hi

ng
 th

at
 

yo
u 

ca
n 

se
e?

 

W
hy

 is
 it

 th
at

 

si
n
𝛼

=
5 1
3

=
co

s
𝛽

? 

O
r t

ha
t 

si
n
𝛽

=
1
2

1
3

=
co

s
𝛼

? 

Th
is 

is
 a

 n
ot

e-
w

or
th

y 
fin

d!
 W

hy
 s

ho
ul

d 
tw

o 
di

ffe
re

nt
 f

un
ct

io
ns

 (
w

ith
 d

iff
er

en
t 

in
pu

ts
) 

pr
od

uc
e 

th
e 

sa
m

e 
ou

tp
ut

? 
 

Be
fo

re
 w

e 
fo

rm
al

iz
e 

ou
r n

ex
t t

he
or

em
, l

et
 u

s c
on

sid
er

 th
e 

re
la

tio
ns

hi
p 

th
at

 e
xi

st
s b

et
w

ee
n 

th
e 

tw
o 

no
n-

rig
ht

 a
ng

le
s 

in
 a

 ri
gh

t t
ria

ng
le

. 

 F
irs

t, 
le

t u
s 

(in
 F

ig
ur

e 
35

) d
ra

w
 s

om
e 

rig
ht

 tr
ia

ng
le

. 

 

 
Fi

gu
re

 3
5 



U
ni

t f
ou

r –
 1

02
 

Le
t 

us
 la

be
l t

he
 t

w
o 

no
n-

rig
ht

 a
ng

le
s 

as
 𝛼

 a
nd

 𝛽
. I

s 
th

er
e 

so
m

e 
re

la
tio

ns
hi

p 
be

tw
ee

n 
th

em
? 

W
e 

no
w

 n
ee

d 
so

m
e 

so
rt

 o
f s

ta
rt

in
g 

po
in

t 
– 

so
 le

t’s
 t

hi
nk

 b
ac

k 
to

 o
th

er
 r

el
at

io
ns

hi
ps

 in
 

tr
ia

ng
le

s. 
Th

e 
bi

gg
es

t 
on

e,
 p

er
ha

ps
, i

s 
th

e 
th

eo
re

m
 th

at
 th

e 
su

m
 o

f a
ll 

th
re

e 
an

gl
es

 in
 a

 
tr

ia
ng

le
 a

re
 1

8
0

°. 
So

 le
t’s

 b
eg

in
 w

ith
 th

is,
 p

la
y 

w
ith

 it
 a

 b
it,

 a
nd

 th
en

 se
e 

if 
w

e 
ca

n’
t u

nc
ov

er
 

so
m

et
hi

ng
 o

f n
ot

e.
x  

U
sin

g 
th

e 
pr

ev
io

us
 re

la
tio

ns
hi

p,
 w

e 
w

ou
ld

 th
en

 h
av

e 

𝛼
+
𝛽

+
𝛾

=
1

8
0

. 

Bu
t w

e 
kn

ow
 𝛾

=
9

0
°, 

sin
ce

 it
 is

 a
 ri

gh
t a

ng
le

 (a
nd

 b
y 

de
fin

iti
on

, a
ll 

rig
ht

 a
ng

le
s e

qu
al

 9
0

°)
. 

Su
bs

tit
ut

in
g 

th
is

 in
, w

e 
se

e 
th

at
 

𝛼
+
𝛽

=
9

0
°.

 

Th
is 

yi
el

ds
 u

s 
on

e 
im

po
rt

an
t 

re
la

tio
ns

hi
p:

  
𝛼

 a
nd

 𝛽
 a

re
 c

om
pl

em
en

ta
ry

. 
Th

is 
se

em
s 

be
ni

gn
…

 B
ut

 le
t u

s 
co

ns
id

er
 th

e 
w

or
d 

Co
sin

e 
fo

r a
 m

om
en

t. 
It 

is 
ac

tu
al

ly
 a

 sh
or

te
ne

d 
fo

rm
 

of
 th

e 
te

rm
 “

Co
m

pl
em

en
t 

of
 t

he
 s

in
e.

” 
W

ai
t a

 m
om

en
t…

 Is
 it

 a
 c

oi
nc

id
en

ce
 th

at
 w

e 
ju

st
 

sh
ow

ed
 th

at
 𝛼

 a
nd

 𝛽
 a

re
 c

om
pl

em
en

ta
ry

 a
nd

 th
e 

Co
sin

e 
fu

nc
tio

n 
ha

s i
n 

its
 v

er
y 

na
m

e 
th

e 
w

or
d

“c
om

pl
em

en
t”

? 
M

os
t 

ce
rt

ai
nl

y 
no

t!
xi
 W

e’
ve

 d
isc

ov
er

ed
 s

om
e 

pr
of

ou
nd

 t
ru

th
! 

W
e 

no
w

 p
ro

vi
de

 a
 fo

rm
al

 p
ro

of
. 

Pr
oo

f. 

W
e 

w
an

t 
to

 
sh

ow
 

th
at

 
th

e 
tw

o 
no

n-
rig

ht
 

an
gl

es
 

of
 

a 
rig

ht
 

tr
ia

ng
le

 
m

us
t 

be
 

co
m

pl
em

en
ta

ry
, t

ha
t i

s, 
th

at
 th

ei
r s

um
 m

us
t b

e 
9

0
°. 

Co
ns

tr
uc

t r
ig

ht
 Δ
𝐴
𝐵
𝐶

 w
ith

 ri
gh

t a
ng

le
 𝐵

. 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
x  O

f c
ou

rs
e,

 o
ur

 e
xp

lo
ra

tio
n 

m
ay

 tu
rn

 o
ut

 fr
ui

tle
ss

. T
ha

t’s
 O

K!
 B

el
ie

ve
 it

 o
r n

ot
, f

in
di

ng
 o

ut
 w

ha
t d

oe
sn

’t 
w

or
k 

ca
n 

al
so

 v
er

y 
he

lp
fu

l. 
Ad

di
tio

na
lly

, d
on

’t 
ge

t d
is

co
ur

ag
ed

 if
 y

ou
’re

 n
ot

 c
or

re
ct

 th
e 

fir
st

 ti
m

e 
– 

ve
ry

 
fe

w
 m

at
he

m
at

ic
ia

ns
 a

re
!  

xi
 W

hi
ch

 d
oe

sn
’t 

m
ea

n 
“N

ev
er

”. 
It 

ju
st

 m
ea

ns
 u

nl
ik

el
y.

 S
om

e 
m

ay
 s

co
ff 

at
 th

e 
si

m
pl

e 
lo

gi
c 

w
e 

us
ed

 h
er

e,
 

bu
t k

ee
p 

in
 m

in
d 

w
e’

re
 s

ho
w

in
g 

a 
pr

oc
es

s 
of

 c
om

in
g 

to
 a

n 
in

fo
rm

al
 c

on
cl

us
io

n.
 Y

ou
 m

ay
 w

ish
 th

e 
ex

pl
an

at
io

n 
w

as
 m

or
e 

fo
rm

al
, a

nd
 if

 th
at

’s 
th

e 
ca

se
, I

 c
om

m
en

d 
yo

u 
an

d 
en

co
ur

ag
e

yo
u 

to
 w

rit
e 

yo
ur

 o
w

n 
te

xt
bo

ok
. 

  

 
 

§
2

 T
he

 S
in

e,
 C

os
in

e,
 a

nd
 T

an
ge

nt
 fu

nc
tio

ns
 –

 1
03

 

 

Be
ca

us
e 

th
e 

su
m

 o
f a

ll 
th

re
e 

an
gl

es
 in

 a
 tr

ia
ng

le
 is

 1
8

0
°, 

w
e 

kn
ow

 th
at

 𝐴
+
𝐵

+
𝐶

=
1

8
0

°. 
Bu

t 𝐵
=

9
0

°, 
sin

ce
 (b

y 
de

fin
iti

on
) a

ll 
rig

ht
 a

ng
le

s 
ar

e 
eq

ua
l t

o 
9

0
°. 

Th
en

, b
y 

su
bs

tit
ut

io
n,

 
w

e 
ha

ve
 th

at
 𝐴

+
9

0
°

+
𝐶

=
1

8
0

°. 
U

si
ng

 th
e 

su
bt

ra
ct

io
n 

pr
op

er
ty

 o
f e

qu
al

ity
 re

ve
al

s 
th

at
 

𝐴
+
𝐶

=
9

0
°, 

w
hi

ch
 is

 p
re

ci
se

ly
 w

ha
t t

he
 w

or
d 

“c
om

pl
em

en
ta

ry
” m

ea
ns

. 

W
e 

ha
ve

 th
us

 s
ho

w
n 

w
ha

t w
e 

w
an

te
d 

to
 s

ho
w

. 

W
ith

 th
is 

in
 m

in
d,

 le
t u

s 
fo

rm
al

iz
e 

th
e 

pr
ev

io
us

. 

Th
e 

re
la

tio
ns

hi
p 

be
tw

ee
n 

th
e 

Si
ne

 a
nd

 C
os

in
e 

fu
nc

tio
ns

. 
 Th

e 
tw

o 
no

n-
rig

ht
 a

ng
le

s 
in

 a
 ri

gh
t t

ria
ng

le
 a

re
 a

lw
ay

s 
co

m
pl

em
en

ta
ry

. 
Ex

am
pl

e 
2c

 

Ev
al

ua
te

 c
o

s
3

0
°. 

W
e 

go
 th

ro
ug

h 
th

e 
sa

m
e 

pr
oc

ed
ur

e 
fo

un
d 

in
 E

xa
m

pl
es

 1
c 

an
d 

1d
. W

e 
fir

st
 d

ra
w

 a
 ri

gh
t 

tr
ia

ng
le

xi
i  (

Fi
gu

re
 3

6)
. 

 

 

Ba
se

d 
on

 th
e 

tr
ia

ng
le

 th
at

 w
e 

ch
os

e,
 w

e 
ha

ve
 th

at
 

co
s
𝛼

=
ad

ja
ce

n
t

1
. 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
xi

i
Re

m
em

be
r t

ha
t w

e 
ar

e 
fr

ee
 to

 d
ra

w
 a

ny
 ri

gh
t t

ria
ng

le
 w

e 
w

an
t. 

W
el

l, 
as

 lo
ng

 a
s 

is
 it

 h
as

 a
 3

0
° a

ng
le

, 
an

yw
ay

. 

Fi
gu

re
 3

6 

W
e 

ch
os

e 
to

 m
ak

e 
ou

r h
yp

ot
en

us
e 

1
 h

er
e.

 T
he

re
 a

re
 a

 fe
w

 o
th

er
 n

ic
e 

ch
oi

ce
s, 

as
 w

el
l.



U
ni

t f
ou

r –
 1

04
 

Bu
t w

ha
t i

s 
th

e 
le

ng
th

 o
f t

he
 le

g 
ad

ja
ce

nt
 to

 𝛼
? 

W
e 

ca
n 

fig
ur

e 
th

is 
ou

t b
ec

au
se

 th
is 

is 
a 

sp
ec

ia
l r

ig
ht

 tr
ia

ng
le

, v
iz

., 
it 

is
 a

  3
0

°
−

6
0

°
−

9
0

° 
tr

ia
ng

le
. S

in
ce

 o
ur

 h
yp

ot
en

us
e 

is
 1

, t
he

 
sh

or
t 

le
g 

(n
ot

 m
ar

ke
d)

 m
us

t m
ea

su
re

 1 2
. T

he
n,

 t
o 

fin
d 

th
e 

lo
ng

 le
g,

 w
e 

m
ul

tip
ly

 1 2
 b

y 
√

3
. 

Th
us

 th
e 

lo
ng

 le
g,

 𝑎
, m

us
t b

e 
√
3 2
. S

in
ce

 𝑎
=

√
3 2
, w

e 
co

nc
lu

de
 th

at
 

co
s
𝛼

=

√
3 2 1

=
√

3 2
. 

W
e 

ha
ve

 o
ne

 m
or

e 
Tr

ig
on

om
et

ric
 f

un
ct

io
n 

to
 u

nc
ov

er
. W

e’
ll 

de
fin

e 
it 

he
re

,b
ut

 in
 t

he
 

ex
er

ci
se

s 
yo

u 
w

ill
 d

er
iv

exi
ii  i

t y
ou

rs
el

f. 
 

Th
e 

Ta
ng

en
t f

un
ct

io
n 

 
Th

e 
Ta

ng
en

t f
un

ct
io

n 
ac

ce
pt

s 
as

 a
n 

in
pu

t a
n 

ac
ut

e 
an

gl
e,

 a
nd

 th
en

 re
tu

rn
s 

th
e 

ra
tio

 o
f 

th
e 

sid
e 

op
po

si
te

 to
 th

e 
an

gl
e 

to
 th

e 
si

de
 a

dj
ac

en
t t

o 
th

e 
an

gl
e.

 S
ym

bo
lic

al
ly

, 
ta

n
𝛼

=
𝑎 𝑏

. 

W
e 

co
ul

d 
al

so
 s

ta
te

 th
at

  

ta
n
𝛽

=
𝑏 𝑎

 . 

Th
e 

Ta
ng

en
t f

un
ct

io
n 

ap
pe

ar
s 

a 
bi

t d
iff

er
en

t 
fro

m
 th

e 
Si

ne
 a

nd
 C

os
in

e 
fu

nc
tio

n,
 a

nd
, t

o 
be

 s
ur

e,
 th

er
e 

ar
e 

so
m

e 
ke

y 
di

ffe
re

nc
es

. B
ut

 y
ou

’ll
 a

lso
 d

isc
ov

er
 in

 th
e 

ex
er

ci
se

s 
th

at
 it

 is
 

cl
os

el
y 

re
la

te
d 

to
 t

he
 S

in
e 

an
d 

Co
sin

e 
fu

nc
tio

ns
! A

dd
iti

on
al

ly
 –

 a
s 

yo
u’

ll 
so

on
 s

ee
 –

 w
e 

w
or

k
w

ith
 it

 in
 th

e 
sa

m
e 

m
an

ne
r. 

Ex
am

pl
e 

3a
 

W
rit

e 
th

e 
Si

ne
, C

os
in

e,
 a

nd
 T

an
ge

nt
 ra

tio
s 

us
in

g 
𝛼

 o
f t

he
 tr

ia
ng

le
 s

ho
w

n 
in

 F
ig

ur
e 

37
. 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
xi

ii  W
ha

t t
hi

s 
m

ea
ns

 is
 th

at
 y

ou
’ll

 ta
ke

 s
om

et
hi

ng
 y

ou
 a

lre
ad

y 
kn

ow
, w

or
k 

w
ith

 it
, a

nd
 c

om
e 

ou
t w

ith
 th

e 
fu

nc
tio

n 
w

e’
re

 a
bo

ut
 to

 d
ef

in
e!

 O
bv

io
us

ly
 th

is
 is

 th
e 

be
tt

er
 w

ay
 to

 d
o 

it,
 b

ut
 w

e 
do

n’
t w

an
t t

o 
sp

oi
l y

ou
r 

fu
n.

 

 
 

§
2

 T
he

 S
in

e,
 C

os
in

e,
 a

nd
 T

an
ge

nt
 fu

nc
tio

ns
 –

 1
05

 

 

 

Al
l w

e 
ne

ed
 to

 d
o 

is
 s

ub
st

itu
te

. T
he

 o
nl

y 
pr

ob
le

m
 w

e 
ha

ve
 is

 th
at

 w
e 

do
n’

t h
av

e 
a 

le
ng

th
 

fo
r 

th
e 

hy
po

te
nu

se
. N

o 
m

at
te

r 
– 

th
is

 is
 e

as
ily

 fo
un

d.
 W

e 
us

e 
Py

th
ag

or
as

’ T
he

or
em

 a
nd

 
fin

d 
th

at
 th

e 
hy

po
te

nu
se

 m
us

t h
av

e 
a 

le
ng

th
 o

f 8
.5
4

. W
ith

 th
is 

in
 m

in
d,

 w
e 

ha
ve

 

si
n
𝛼

=
8

8
.5
4

, 

co
s
𝛼

=
3 8
.4

, 

an
d 

 

ta
n
𝛼

=
8 3

. 

Ex
am

pl
e 

3b
 

Ev
al

ua
te

 ta
n
4

5
°.

 

W
e 

fo
llo

w
 t

he
 s

am
e 

pr
oc

ed
ur

e 
as

 E
xa

m
pl

es
 2

c,
 1

c,
 a

nd
 1

d.
 W

e 
cr

ea
te

 a
ny

 s
iz

e 
rig

ht
 

tr
ia

ng
le

 w
ith

 a
 4

5
° a

ng
le

, a
s 

in
 F

ig
ur

e 
38

. 

 

 

N
ow

 a
ll 

w
e 

ne
ed

 to
 d

o 
is 

w
rit

e 
ou

r r
at

io
. W

e 
ha

ve
 

ta
n
4

5
°

=
1 1

=
1

. 

Th
us

 w
e 

co
nc

lu
de

 th
at

 ta
n
4

5
° i

s 
1

. 

Fi
gu

re
 3

7 

Fi
gu

re
 3

8 

Re
ca

ll 
th

at
 a

ny
 4

5
°
−
4

5
°
−

9
0

° t
ria

ng
le

 w
ill

 a
lso

 b
e 

iso
sc

el
es

. B
ot

h 
le

gs
, t

he
re

fo
re

, a
re

 a
lso

 c
on

gr
ue

nt
. 



U
ni

t f
ou

r –
 1

06
 

U
su

al
ly

, e
va

lu
at

in
g 

a 
Tr

ig
 f

un
ct

io
n 

gi
ve

n 
an

y 
in

pu
t 

is
 v

er
y 

di
ffi

cu
lt 

to
 d

o.
 O

f 
co

ur
se

, i
n 

to
da

y’
s 

w
or

ld
, w

e 
ha

ve
 r

ea
dy

 a
cc

es
s 

to
 c

al
cu

la
to

rs
, w

hi
ch

 a
re

 v
er

y 
go

od
 a

t 
th

e 
te

di
ou

s 
pr

oc
es

s 
of

 a
pp

ro
xi

m
at

in
g,

 s
o 

it 
isn

’t 
to

o 
di

ffi
cu

lt 
to

 e
va

lu
at

e 
si

n
2

°,
 f

or
 e

xa
m

pl
e.

 Y
ou

’ll
 

ne
ed

 to
 h

av
e 

a 
ca

lc
ul

at
or

 o
n 

ha
nd

. 

Ex
am

pl
e 

4a
 

D
et

er
m

in
e 

th
e 

le
ng

th
 o

f 𝑎
 g

iv
en

 F
ig

ur
e 

39
. 

 

 

As
 w

e 
di

d 
ex

te
ns

iv
el

y 
in

 G
eo

m
et

ry
, 

w
e 

sh
ou

ld
 f

irs
t 

es
ta

bl
ish

 s
om

e 
re

la
tio

ns
hi

p.
 F

or
 

ex
am

pl
e,

 w
e 

kn
ow

 (f
ro

m
 P

yt
ha

go
ra

s)
 t

ha
t 
𝑎

2
+
𝑏

2
=
𝑐

2
. I

n 
th

is 
ca

se
, h

ow
ev

er
, w

e 
do

n’
t 

kn
ow

 𝑎
 o

r 𝑏
, a

nd
 s

o 
Py

th
ag

or
as

’ T
he

or
em

 y
ie

ld
s 

us
 n

o 
he

lp
. S

in
ce

w
e 

ha
ve

 b
ee

n 
gi

ve
n 

an
 

an
gl

e 
m

ea
su

re
 a

nd
 o

ne
 si

de
 le

ng
th

, i
t s

ta
nd

s t
o 

re
as

on
 th

at
 w

e 
sh

ou
ld

 u
se

 a
 T

rig
 fu

nc
tio

n.
 

W
e 

ha
ve

 th
re

e 
di

ffe
re

nt
 c

ho
ic

es
 (S

in
e,

 C
os

in
e,

 a
nd

 T
an

ge
nt

), 
so

 w
hi

ch
 o

ne
 sh

ou
ld

 w
e 

us
e?

 
In

 t
hi

s 
ex

am
pl

e,
 w

e 
w

ill
 tr

y 
al

l o
f t

he
m

 a
nd

 s
ho

w
 y

ou
 t

ha
t 

th
er

e 
is

 r
ea

lly
 o

nl
y 

on
e 

go
od

 
ch

oi
ce

.xi
v  

Fi
rs

t, 
le

t 
us

 t
ry

 t
he

 S
in

e 
fu

nc
tio

n.
 G

iv
en

 t
ha

t 
si

n
𝛼

=
o
p
p
o
si
te

h
y
p
o
te
n
u
se

, w
e 

ha
ve

 (
af

te
r 

su
bs

tit
ut

io
n)

 

si
n
2

0
°

=
𝑎 4
5

. 

If 
w

e 
tr

y 
th

e 
Co

sin
e 

fu
nc

tio
n,

 w
e 

ha
ve

 

co
s
2

0
°

=
ad

ja
ce

n
t

h
yp

o
te

n
u

se
=

? 4
5

, 

w
he

re
 th

e 
qu

es
tio

n 
m

ar
k 

re
pr

es
en

ts
 th

e 
un

kn
ow

n 
le

ng
th

 o
f t

he
 a

dj
ac

en
t. 

If 
w

e 
tr

y 
th

e 
Ta

ng
en

t f
un

ct
io

n,
 w

e 
w

ou
ld

 h
av

e 

ta
n
2

0
°

=
o

p
p

o
si

te

ad
ja

ce
n

t
=
𝑎 ?, 

w
he

re
, a

ga
in

, t
he

 q
ue

st
io

n 
m

ar
k 

re
pr

es
en

ts
 th

e 
sa

m
e 

un
kn

ow
n 

le
ng

th
 o

f t
he

 a
dj

ac
en

t. 
 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
xi

v  T
hi

s 
w

on
’t 

al
w

ay
s 

be
 th

e 
ca

se
. S

om
et

im
es

 th
er

e 
w

ill
 b

e 
tw

o 
or

 th
re

e 
go

od
 c

ho
ic

es
.  

Fi
gu

re
 3

9 

 
 

§
2

 T
he

 S
in

e,
 C

os
in

e,
 a

nd
 T

an
ge

nt
 fu

nc
tio

ns
 –

 1
07

 

Ba
se

d 
on

 w
ha

t 
w

e 
ju

st
 s

aw
, t

he
 S

in
e 

is
 t

he
 fu

nc
tio

n 
w

e 
w

ill
 c

ho
os

e.
 T

hi
s 

is
 b

ec
au

se
 w

e 
ha

ve
 a

n 
eq

ua
tio

n,
 

si
n
2

0
°

=
𝑎 4
5

, 

w
hi

ch
 c

an
 b

e 
so

lv
ed

 fo
r t

he
 m

iss
in

g 
va

ria
bl

e 
𝑎

. I
f w

e 
us

ed
 th

e 
Co

si
ne

 fu
nc

tio
n,

 w
e 

co
ul

d 
fin

d 
th

e 
le

ng
th

 o
f t

he
 a

dj
ac

en
t, 

bu
t t

ha
t w

ou
ld

 n
ot

 g
et

 u
s 

th
e 

le
ng

th
 o

f 𝑎
.xv

 T
he

 T
an

ge
nt

 
fu

nc
tio

n 
is 

ev
en

 w
or

se
; w

e 
w

ou
ld

 h
av

e 
tw

o 
va

ria
bl

es
 in

 o
ur

 e
qu

at
io

n,
 w

hi
ch

 w
ou

ld
 p

ut
 u

s 
in

 a
n 

un
te

na
bl

e 
po

sit
io

n.
 

To
 s

ol
ve

 th
is 

eq
ua

tio
n,

 w
e 

sh
ou

ld
 e

va
lu

at
e 

th
e 

le
ft 

sid
e,

 a
nd

 th
en

 g
et

 th
e 

va
ria

bl
e 

al
l b

y 
its

el
f. 

U
sin

g 
a 

ca
lc

ul
at

or
, w

e 
fin

d 
th

at
 s

in
2

0
°
≈

0
.3
4
2

. H
en

ce
 

0
.3
4
2

=
𝑎 4
5

 

1
5

.3
9
≈
𝑎

. 

Th
e 

ke
y 

to
 th

es
e 

pr
ob

le
m

s 
is

 to
 id

en
tif

y 
th

e 
co

rr
ec

t r
el

at
io

ns
hi

p.
 T

he
n 

it’
s 

ju
st

 a
 m

at
te

r o
f 

su
bs

tit
ut

in
g 

an
d 

so
lv

in
g,

 b
ot

h 
of

 w
hi

ch
 a

re
 b

as
ic

 A
lg

eb
ra

 s
ki

lls
. 

Ex
am

pl
e 

4b
 

D
et

er
m

in
e 

th
e 

le
ng

th
 o

f 𝑏
 g

iv
en

 F
ig

ur
e 

40
. 

 

 

W
e 

fa
ce

 a
 s

im
ila

r p
ro

bl
em

. H
er

e 
th

e 
be

st
 re

la
tio

ns
hi

p 
to

 u
se

 is
 T

an
ge

nt
, s

in
ce

 w
e 

ca
n 

th
en

 
fo

rm
 th

e 
eq

ua
tio

n 

ta
n

5
0

°
=

7
.8 𝑏

. 

Th
en

 w
e 

ju
st

 s
ol

ve
 th

e 
eq

ua
tio

n 
w

he
nc

e 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
xv

Th
at

 b
ei

ng
 s

ai
d,

 w
e 

co
ul

d 
fin

d 
th

e 
le

ng
th

 o
f 𝑎

 a
fte

r w
e 

fin
d 

th
e 

le
ng

th
 o

f t
he

 a
dj

ac
en

t. 
It’

s 
no

t a
n 

id
ea

l 
pr

oc
es

s 
th

ou
gh

, a
s 

w
e 

ha
ve

 to
 g

o 
th

ro
ug

h 
th

e 
en

tir
e 

pr
oc

ed
ur

e 
ag

ai
n,

 o
r, 

al
te

rn
at

iv
el

y,
 u

se
 P

yt
ha

go
ra

s’ 
Th

eo
re

m
. E

ith
er

 w
ay

, i
t’s

 m
uc

h 
m

or
e 

ef
fic

ie
nt

 to
 u

se
 th

e 
Si

ne
 fu

nc
tio

n.
 

Fi
gu

re
 4

0 



U
ni

t f
ou

r –
 1

08
 

𝑏
≈

6
.5
4

. 

Ex
am

pl
e 

4c
 

Co
m

pl
et

e 
th

e 
rig

ht
 tr

ia
ng

le
 s

ho
w

n 
in

 F
ig

ur
e 

41
. 

 

 

Re
ca

ll 
th

at
 w

he
n 

w
e 

ar
e 

as
ke

d 
to

 “c
om

pl
et

e”
 a

 ri
gh

t t
ria

ng
le

, i
t j

us
t m

ea
ns

 th
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e 
m

us
t a

sk
 th

at
 e

ve
r-

po
pu

la
r q

ue
st

io
n:

  W
ha

t 
is 

th
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re
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=
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𝑎
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 b
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𝛽
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t b
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r b
ot

h 
𝛼

 a
nd

 𝛽
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 c
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 p
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 r
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in

e 
fo

r a
 m

om
en

t t
ha

t y
ou

 m
ea

su
re

 a
 tr

ia
ng

le
 in

 y
ar

ds
, a

nd
 y

ou
 fi

nd
 th

at
 th

e 
tw

o 
le

gs
 m

ea
su

re
 3

an
d 
4

 y
ar

ds
, w

hi
le

 th
e 

hy
po

te
nu

se
 m

ea
su

re
s 

5
 y

ar
ds

. Y
ou

 s
en

d 
th

is 
in

fo
rm

at
io

n 
to

 y
ou

r f
rie

nd
 w

ho
 li

ve
s 

in
 a

 E
ur

op
ea

n 
co

un
tr

y 
th

at
 n

or
m

al
ly

 u
se

s 
m

et
er

s 
in

st
ea

d.
 

(A
) 

Ca
lc

ul
at

e 
si

n
𝛼

 u
sin

g 
th

e 
in

iti
al

 c
or

re
ct

 m
ea

su
re

m
en

t t
ha

t u
se

d 
ya

rd
s. 

(B
) 

N
ow

 c
on

ve
rt

 y
ar

ds
 in

to
 m

et
er

s 
(ro

un
d 

to
 th

e 
ne

ar
es

t h
un

dr
ed

th
). 

Ca
lc

ul
at

e 
si

n
𝛼

 in
 m

et
er

s. 
(C

) 
As

su
m

e 
th

at
 w

he
n 

yo
u 

se
nt

 t
hi

s 
tr

ia
ng

le
 t

o 
yo

ur
 fr

ie
nd

, y
ou

 d
id

 n
ot

 la
be

l 
yo

ur
 m

ea
su

re
m

en
ts

. S
o 

yo
ur

 fr
ie

nd
 a

ss
um

es
 y

ou
 m

ea
n 

3
 m

et
er

s, 
4

 m
et

er
s, 

an
d 

so
 o

n.
 C

al
cu

la
te

 s
in
𝛼

 w
ith

 th
is 

in
co

rr
ec

t i
nf

or
m

at
io

n.
 

(D
) 

W
as

 y
ou

r 
an

sw
er

 a
ny

 d
iff

er
en

t 
in

 (
A)

, (
B)

, o
r 

(C
)?

 W
ha

t 
do

es
 t

ha
t 

te
ll 

yo
u 

ab
ou

t S
in

e 
an

d 
Co

sin
e 

ra
tio

s 
(v

iz
., 

do
 u

ni
ts

 m
at

te
r)?

 
13

.) 
O

ne
 p

op
ul

ar
 m

ne
m

on
ic

 d
ev

ic
e 

fo
r 

re
m

em
be

rin
g 

th
e 

di
ffe

re
nt

 T
rig

 r
at

io
s 

is
 S

O
H

 
CA

H
 T

O
A.

 E
xp

la
in

 w
ha

t t
hi

s 
m

ea
ns

 a
nd

 h
ow

 it
 h

el
ps

 y
ou

 to
 re

m
em

be
r h

ow
 to

 s
et

 
up

 y
ou

r r
at

io
s. 

(If
 y

ou
 d

on
’t 

kn
ow

 it
, l

oo
k 

it 
up

) 
14

.) 
Le

t u
s 

no
w

 d
er

iv
e 

th
e 

Ta
ng

en
t f

un
ct

io
n.

 T
o 

ac
co

m
pl

ish
 th

is,
 w

e 
on

ly
 n

ee
d 

th
e 

Si
ne

 
an

d 
Co

sin
e 

fu
nc

tio
n.

 
(A

) 
W

he
n 

de
riv

in
g 

th
in

gs
, i

t i
s 

of
te

n 
us

ef
ul

 to
 r

ew
rit

e 
th

em
 in

 th
ei

r m
os

t b
as

ic
 

te
rm

s. 
Be

fo
re

 w
e 

ca
n 

do
 th

at
, h

ow
ev

er
, l

et
 u

s 
dr

aw
 a

 ri
gh

t t
ria

ng
le

. C
ho

os
e 

an
y 

no
n-

rig
ht

 a
ng

le
 a

nd
 c

al
l i

t 
𝛼

. T
he

n 
la

be
l t

he
 s

id
es

 (a
cc

or
di

ng
 t

o 
yo

ur
 

ch
oi

ce
 o

f 𝛼
) a

s 
“o

pp
os

ite
”, 

“a
dj

ac
en

t”
, a

nd
 “h

yp
ot

en
us

e”
.

(B
) 

U
sin

g 
yo

ur
 p

ic
tu

re
, w

rit
e 

ou
t t

he
 S

in
e 

an
d 

Co
sin

e 
ra

tio
s. 

(C
) 

Is
 th

er
e 

an
y 

w
ay

 w
e 

ca
n 

ta
ke

 o
ur

 S
in

e 
an

d 
Co

sin
e 

ra
tio

 a
nd

 tu
rn

 th
em

 in
to

 
ou

r 
Ta

ng
en

t 
ra

tio
? 

Re
ca

ll 
th

at
 T

an
ge

nt
 is

 o
p
p
o
si
te

a
d
ja
c
e
n
t. T

ry
 a

dd
in

g,
 s

ub
tr

ac
tin

g,
 

m
ul

tip
ly

in
g,

 o
r d

iv
id

in
g 

th
em

. 

 
 

§
2

 T
he

 S
in

e,
 C

os
in

e,
 a

nd
 T

an
ge

nt
 fu

nc
tio

ns
 –

 1
13

 

(D
) 

W
hy

 is
 it

 b
et

te
r t

o 
de

riv
e 

th
e 

ta
ng

en
t f

un
ct

io
n 

th
an

 to
 d

ef
in

e 
it?

 P
ut

 a
no

th
er

 
w

ay
, w

ha
t i

ss
ue

s 
w

ou
ld

 y
ou

 ru
n 

in
to

 if
 y

ou
 ju

st
 d

ef
in

ed
 e

ve
ry

th
in

g 
in

 m
at

h?
 

 §
3

 
 

Re
la

tio
ns

hi
ps

 b
et

w
ee

n 
th

e 
Tr

ig
 fu

nc
tio

ns
 

In
 o

ur
 f

in
al

 s
ec

tio
n,

 w
e’

ll 
lo

ok
 a

t 
ho

w
 t

he
 t

hr
ee

 m
ai

n 
Tr

ig
 f

un
ct

io
ns

 a
re

 r
el

at
ed

 t
o 

on
e 

an
ot

he
r. 

W
e 

al
re

ad
y 

kn
ow

 a
 f

ew
 r

el
at

io
ns

hi
ps

, 
vi

z. 
th

at
 t

he
 C

os
in

e 
fu

nc
tio

n 
is 

th
e 

co
m

pl
em

en
t t

o 
th

e 
si

ne
 fu

nc
tio

n.
 S

o 
it 

is
 fa

ir 
to

 b
el

ie
ve

 th
at

 th
er

e 
ar

e 
ot

he
r r

el
at

io
ns

hi
ps

 
th

at
 e

xi
st

, a
nd

 in
 th

is 
se

ct
io

n,
 w

e 
w

ill
 te

as
e 

th
em

 o
ut

. W
e 

w
ill

 s
pe

nd
 o

ur
 ti

m
e 

de
riv

in
g 

an
d 

fo
rm

al
iz

in
g 

m
an

y 
of

 th
e 

ba
sic

 a
nd

 fu
nd

am
en

ta
l i

de
nt

it
ie

s 
in

 th
is 

se
ct

io
n.

 A
n 

id
en

tit
y 

is
 a

 
di

ffe
re

nt
 w

ay
 to

 w
rit

e 
an

 e
qu

iv
al

en
t s

ta
te

m
en

t. 
Fo

r e
xa

m
pl

e,
 2

+
2

=
4

 is
 a

n 
id

en
tit

y;
 2

+
2

 
is 

si
m

pl
y 

a 
di

ffe
re

nt
 n

am
e 

fo
r 4

.  

Be
fo

re
 w

e 
em

ba
rk

 o
n 

le
ar

ni
ng

 s
om

e 
id

en
tit

ie
s, 

le
t u

s 
fir

st
 lo

ok
 a

t a
 m

or
e 

ba
sic

 q
ue

st
io

n:
  

D
oe

s 
kn

ow
in

g 
on

e 
Tr

ig
 r

at
io

 le
ad

 u
s 

to
 f

in
d 

an
y 

of
 t

he
 o

th
er

s?
 P

ut
 a

no
th

er
 w

ay
, i

f 
w

e 
kn

ow
 o

ne
 T

rig
 ra

tio
, c

an
 w

e 
fin

d 
al

l o
f t

he
 o

th
er

? 

Ex
am

pl
e 

1a
 

If 
si

n
𝛼

=
3 5
, w

rit
e 

th
e 

ot
he

r s
ix

 T
rig

 ra
tio

s. 

Le
t 

us
 f

irs
t 

dr
aw

 a
 p

ic
tu

re
. 

Be
ca

us
e 

th
e 

Si
ne

 r
at

io
 i

s 
th

e 
sid

e 
op

po
si

te
 t

o 
𝛼

 t
o 

th
e 

hy
po

te
nu

se
, i

t m
ak

es
 s

en
se

 to
 d

ra
w

 F
ig

ur
e 

42
. 

 

 

Th
is 

dr
aw

in
g 

m
ak

es
 o

ur
 li

fe
 m

uc
h 

ea
sie

r. 
N

ow
 w

ha
t w

e’
ll 

do
 is

 d
et

er
m

in
e 

th
e 

ot
he

r r
at

io
s. 

St
ar

tin
g 

w
ith

 C
os

in
e,

 w
e 

w
ou

ld
 h

av
e co

s
𝛼

=
ad

ja
ce

n
t

5
. 

Fi
gu

re
 4

2 

As
 b

ef
or

e,
 th

is 
isn

’t 
th

e 
on

ly
 tr

ia
ng

le
 th

at
 y

ou
 c

ou
ld

 d
ra

w
.



U
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Bu
t w

ha
t i

s t
he

 le
ng

th
 o

f t
he

 a
dj

ac
en

t s
id

e?
 T

hi
s c

an
 b

e 
ea

sil
y 

fig
ur

ed
 o

ut
 w

ith
 P

yt
ha

go
ra

s’ 
Th

eo
re

m
, a

lth
ou

gh
, i

n 
th

is 
ca

se
, w

e 
re

co
gn

iz
e 

th
at

 w
e 

ha
ve

 a
 P

yt
ha

go
re

an
 T

rip
le

, a
nd

 th
us

 
th

e 
ad

ja
ce

nt
 s

id
e 

is
 4

. W
ith

 th
is 

in
 m

in
d,

 th
e 

re
st

 o
f t

he
 T

rig
 ra

tio
s 

ar
e 

el
em

en
ta

ry
. T

he
y 

ar
e 

co
s
𝛼

=
4 5

,
ta

n
𝛼

=
3 4

,
cs

c
𝛼

=
5 3

,
se

c
𝛼

=
5 4

,
co

t
𝛼

=
4 3

. 

Ex
am

pl
e 

1b
 

If 
ta

n
𝛽

=
5 7
, w

rit
e 

th
e 

ot
he

r s
ix

 T
rig

 ra
tio

s. 

Yo
u 

sh
ou

ld
, a

ga
in

, s
ta

rt
 w

ith
 a

 p
ic

tu
re

.i  W
e 

dr
aw

 th
e 

tr
ia

ng
le

 s
ho

w
n 

in
 F

ig
ur

e 
43

. 

 

 

Be
fo

re
 w

e 
w

rit
e 

ou
t a

ny
 o

f o
ur

 ra
tio

s, 
ho

w
 a

bo
ut

 w
e 

fin
d 

th
e 

le
ng

th
 o

f t
he

 m
iss

in
g 

sid
e,

 
w

hi
ch

 i
n 

th
e 

pr
es

en
t 

ca
se

 i
s 

th
e 

hy
po

te
nu

se
. 

Si
nc

e 
w

e 
do

 n
ot

 r
ec

og
ni

ze
 t

hi
s 

as
 a

 
Py

th
ag

or
ea

n 
Tr

ip
le

, w
e 

go
 a

he
ad

 a
nd

 u
se

 P
yt

ha
go

ra
s’ 

Th
eo

re
m

. W
e 

fin
d 

th
at

 

5
2

+
7

2
=
𝑐

2
 

𝑐
=
√

7
4

.ii
 

W
ith

 th
is 

va
lu

e,
 w

e 
ca

n 
no

w
 w

rit
e 

al
l s

ix
 ra

tio
s: 

si
n
𝛼

=
5

√
7
4

,
co

s
𝛼

=
7

√
7
4

,
ta

n
𝛼

=
5 7

,
cs

c
𝛼

=
√

7
4

5
,

se
c
𝛼

=
√

7
4

7
,

co
t𝛼

=
7 5

. 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
i  S

en
si

ng
 a

 p
at

te
rn

 y
et

? 
ii  Y

ou
 s

ho
ul

d 
al

w
ay

s 
le

av
e 

th
is 

nu
m

be
r i

n 
ex

ac
t f

or
m

. S
im

pl
ify

 it
 if

 y
ou

 c
an

.  

Fi
gu

re
 4

3 

 
 

§
3

 R
el

at
io

ns
hi

ps
 b

et
w

ee
n 

th
e 

Tr
ig

 fu
nc

tio
ns

 –
 1

15
 

N
ot

e 
th

at
 it

 is
n’

t 
ne

ce
ss

ar
y 

to
 r

at
io

na
liz

e 
th

e 
de

no
m

in
at

or
s, 

al
th

ou
gh

 it
 m

ig
ht

 b
e 

go
od

 
pr

ac
tic

e 
fo

r 
yo

u 
to

 d
o 

so
. A

lso
 n

ot
e 

th
at

 s
om

e 
te

xt
bo

ok
s 

an
d 

st
an

da
rd

iz
ed

 t
es

ts
 w

ill
 

re
qu

ire
 y

ou
 to

 d
o 

th
is,

 s
o 

m
ak

e 
su

re
 y

ou
 k

no
w

 h
ow

 to
 d

o 
th

is.
 

Ex
am

pl
e 

1c
 

G
iv

en
th

at
 s

in
𝛼

=
𝑎

, f
in

d 
al

l s
ix

 T
rig

 ra
tio

s. 

Th
is

 s
ee

m
s 

m
or

e 
di

ffi
cu

lt 
th

an
 t

he
 p

re
vi

ou
s 

pr
ob

le
m

s. 
D

o 
no

t 
le

t 
fir

st
 a

pp
ea

ra
nc

es
 

in
tim

id
at

e 
yo

u 
– 

yo
u 

ju
st

 n
ee

d 
to

 d
ra

w
 a

 p
ic

tu
re

. T
he

 o
nl

y 
iss

ue
 w

ith
 o

ur
 p

ic
tu

re
 is

 t
ha

t 
w

e 
on

ly
 s

ee
m

 to
 h

av
e 

th
e 

le
ng

th
 o

f o
ne

 s
id

e,
 𝑎

. B
ut

 re
ca

ll 
th

at
 𝑎

=
𝑎 1

, s
o 

w
e 

ca
n 

dr
aw

 o
ur

 

pi
ct

ur
e 

as
 s

ee
n 

in
 F

ig
ur

e 
44

. 

 

 

So
 w

ha
t’s

 t
he

 l
en

gt
h 

of
 t

he
ad

ja
ce

nt
 s

id
e?

 W
e 

ca
n 

fig
ur

e 
th

is
 o

ut
 u

si
ng

 P
yt

ha
go

ra
s’ 

Th
eo

re
m

, w
hi

ch
, u

ns
ur

pr
isi

ng
ly

, i
s 

ex
ac

tly
 w

ha
t w

e 
di

d 
in

 th
e 

pr
ev

io
us

 E
xa

m
pl

es
. W

e 
le

t 𝑏
 

be
 th

e 
le

ng
th

 o
f t

he
 a

dj
ac

en
t s

id
e,

 a
nd

 s
et

 u
p 

ou
r e

qu
at

io
n 

lik
e 

so
: 

𝑎
2

+
𝑏

2
=

1
2

. 

W
e 

w
ill

 le
t y

ou
 fi

ni
sh

 th
is 

Ex
am

pl
e 

in
 th

e 
Ex

er
ci

se
s. 

W
e 

ha
ve

 s
ee

n 
ho

w
 w

e 
ca

n 
re

la
te

 o
ne

 T
rig

 r
at

io
 t

o 
th

e 
ot

he
rs

. W
e 

w
ill

 n
ex

t 
re

la
te

 t
he

 
fu

nc
tio

ns
 th

em
se

lv
es

. 

A
go

od
 s

ta
rt

in
g 

po
in

t i
s 

to
 b

eg
in

 w
ith

 w
ha

t w
e 

kn
ow

, a
nd

 b
ui

ld
 fr

om
 th

er
e.

 W
e 

kn
ow

 th
at

 

(1
) 

co
s
𝛼

=
si

n
𝛽

 if
f 
𝛼

+
𝛽

=
9

0
°.

 

Th
is 

is
 a

 fi
ne

 re
la

tio
ns

hi
p,

 b
ut

 le
t’s

 m
ak

e 
th

is
 m

or
e 

us
ef

ul
. O

ne
 is

su
e 

is
 th

at
 th

er
e 

ar
e 

tw
o 

va
ria

bl
es

, s
o 

le
t’s

 tr
y 

to
 s

im
pl

ify
 th

at
 s

ta
te

m
en

t. 

  

Fi
gu

re
 4

4 
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Ex
am

pl
e 

2a
 

Re
w

rit
e 

(1
) i

n 
te

rm
s 

of
 𝛼

.iii
 

W
e 

ar
e 

gi
ve

n 
th

at
 c

o
s
𝛼

=
si

n
𝛽

 if
f 
𝛼

+
𝛽

=
9

0
°. 

W
e 

ca
n 

th
us

 m
ak

e 
a 

su
bs

tit
ut

io
n.

 S
in

ce
 

𝛼
+
𝛽

=
9

0
° 

th
en

w
e 

kn
ow

 th
at

 

𝛽
=

9
0

°
−
𝛼

 

an
d 

he
nc

e 

co
s
𝛼

=
si

n
( 9

0
°
−
𝛼
) .

Ex
am

pl
e 

2b
 

G
iv

en
co

s
2

0
°, 

w
ha

t i
s 

th
e 

eq
ui

va
le

nt
 c

of
un

ct
io

n?
 

To
 a

ns
w

er
 t

hi
s, 

w
e 

ne
ed

 o
nl

y 
us

e 
th

e 
pr

ev
io

us
 r

es
ul

t. 
In

 t
he

 p
re

se
nt

 c
as

e,
 𝛼

=
2

0
° 

an
d 

he
nc

e 

co
s
2

0
°

=
si

n
( 9

0
°
−
2

0
°)

=
si

n
7

0
°.

 

Th
e 

an
sw

er
 w

e’
re

 l
oo

ki
ng

 f
or

 i
s 

si
n

7
0

°. 
A 

ca
lc

ul
at

or
 c

an
 q

ui
ck

ly
 v

er
ify

 t
ha

t 
in

de
ed

, 
co

s
2

0
°

=
si

n
7

0
°.

 

D
o 

re
co

gn
iz

e 
th

at
 th

e 
co

fu
nc

tio
n 

of
 C

os
in

e 
is

 S
in

e,
 a

nd
 v

ic
e 

ve
rs

a.
 W

hi
ch

 T
rig

 fu
nc

tio
n 

is
 

th
e 

co
fu

nc
tio

n 
of

 T
an

ge
nt

? 
O

r h
ow

 a
bo

ut
 C

os
ec

an
t?

 Is
 th

er
e 

an
 e

as
y 

w
ay

 to
 te

ll?
 

Ex
am

pl
e 

2c
 

W
rit

e 
al

l o
f t

he
 c

of
un

ct
io

ns
 id

en
ti

ti
es

. 

W
e 

w
ill

 n
ot

 w
rit

e 
al

l o
f t

he
m

, b
ut

 in
st

ea
d,

 w
ill

 w
rit

e 
on

e 
of

 th
em

 a
nd

 le
av

e 
th

e 
re

st
 to

 th
e 

re
ad

er
. 

si
n
𝛼

=
co

s(
9

0
°
−
𝛼
) .

 

O
th

er
 c

of
un

ct
io

n 
id

en
tit

ie
s 

ex
ist

, a
nd

 y
ou

 w
ill

 h
av

e 
to

 w
rit

e 
th

em
 o

ut
 in

 y
ou

r e
xe

rc
is

es
. 

Th
e 

co
fu

nc
tio

n 
id

en
tit

ie
s 

ca
n 

be
 u

se
fu

l, 
bu

t 
m

os
tly

 t
he

y 
ju

st
 h

ig
hl

ig
ht

 t
he

 r
el

at
io

ns
hi

p 
be

tw
ee

n 
th

e 
Si

ne
 a

nd
 C

os
in

e 
fu

nc
tio

n 
(a

nd
 th

e 
ot

he
r c

o-
Tr

ig
 fu

nc
tio

ns
). 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
iii
 In

 o
th

er
 w

or
ds

, t
he

re
 s

ho
ul

d 
on

ly
 b

e 
on

e 
va

ria
bl

e,
 𝛼

. 
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Le
t u

s 
no

w
 e

xp
lo

re
 w

ha
t h

ap
pe

ns
 w

he
n 

w
e 

sq
ua

re
 th

e 
Si

ne
 o

r 
Co

sin
e 

fu
nc

tio
ns

. F
irs

t o
f 

al
l, 

if 
w

e 
w

rit
e 

si
n
𝛼

2
 th

er
e 

co
ul

d 
be

 a
 b

it 
of

 c
on

fu
si

on
.iv

 S
o,

 if
 w

e 
m

ea
n 
( s

in
𝛼
)(

si
n
𝛼
) , 

w
e 

w
ill

 w
rit

e 

si
n

2
𝛼

. 

If 
w

e 
m

ea
n 

si
n
( 𝛼

2
) , 

w
he

re
 t

he
 a

ng
le

 𝛼
 is

 s
qu

ar
ed

 b
ut

 n
ot

 t
he

 fu
nc

tio
n,

 w
e’

ll 
w

rit
e 

it 
as

 
si

n
( 𝑎

2
) . 

Ex
am

pl
e 

3 

Ev
al

ua
te

 s
in

2
𝛼

 g
iv

en
 F

ig
ur

e 
45

. 

 

 

Re
ca

ll 
th

at
 s

in
2
𝛼

=
( s

in
𝛼
)(

si
n
𝛼
) ,

 a
nd

 s
in

ce
 s

in
𝛼

=
3 5
, w

e 
ha

ve
, b

y 
su

bs
tit

ut
io

n,
 

(
3 5
)
(

3 5
) 

9 2
5

. 

Yo
u’

ll 
w

or
k 

to
 e

xp
lo

re
 s

qu
ar

ed
 T

rig
 fu

nc
tio

ns
 in

 th
e 

ex
er

ci
se

s.
 

N
ow

 le
t’s

 s
ee

 w
ha

t h
ap

pe
ns

 w
he

n 
w

e 
ad

d 
tw

o 
sq

ua
re

d 
fu

nc
tio

ns
. 

Le
t’s

 tr
y 

si
n

2
4

5
°

+
co

s2
4

5
°. 

Si
nc

e 
si

n
4

5
°

=
√

2 2
, w

e 
ca

n 
co

nc
lu

de
 th

at
  

si
n

2
4

5
°

=
2 4

=
1 2

. 

Th
is 

is
 a

ls
o 

tr
ue

 o
f c

o
s2
4

5
°, 

sin
ce

 c
o

s
4

5
°

=
√

2 2
. T

hu
s 

w
e 

ha
ve

 

si
n

2
4

5
°

+
co

s2
4

5
°

=
1 2

+
1 2

=
1

. 

Th
is 

is
 q

ui
te

 n
ic

e.
 W

ill
 th

is 
al

w
ay

s 
be

 tr
ue

? 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
iv
 A

re
 w

e 
sq

ua
rin

g 
th

e 
an

gl
e 
𝛼

 o
r s

qu
ar

in
g 

th
e 

fu
nc

tio
n 

si
n
𝛼

? 

Fi
gu

re
 4

5 
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Ex
am

pl
e 

4 

Ev
al

ua
te

 s
in

2
6

0
°

+
co

s2
6

0
°.

 

Fr
om

 th
e 

pr
ev

io
us

 s
ec

tio
n,

 w
e 

ha
ve

 m
em

or
iz

ed
 t

ha
t 

si
n

6
0

°
=

√
3 2
.v  T

hu
s 

si
n

2
6

0
°

=
3 4
. W

e 

al
so

 h
av

e 
m

em
or

iz
ed

 c
o

s
6

0
°

=
1 2
, a

nd
 th

us
 c

o
s2

6
0

°
=

1 4
. W

e 
th

us
ly

 c
on

cl
ud

e 
th

at
 

si
n

2
6

0
°

+
co

s2
6

0
°

=
3 4

+
1 4

=
1

. 

Bu
t 

th
at

’s 
st

ra
ng

e…
 W

hy
 h

av
e 

w
e 

go
tt

en
 t

he
 s

am
e 

an
sw

er
? 

An
d 

w
hy

 is
 t

ha
t 

an
sw

er
 s

o 
pl

ea
sa

nt
? 

H
av

e 
w

e 
st

um
bl

ed
 u

po
n 

so
m

e 
re

m
ar

ka
bl

e 
tr

ut
h?

 

Py
th

ag
or

ea
n 

id
en

tit
y 

 Fo
r a

ny
 a

ng
le

 𝛼
, 

si
n

2
𝛼

+
co

s2
𝛼

=
1

. 
W

e’
ll 

re
vi

sit
 th

is 
id

en
tit

y 
in

 g
ra

ph
ic

al
 fo

rm
at

, b
ut

 th
at

 w
ill

 b
e 

af
te

r w
e 

re
ve

al
 th

e 
U

ni
t C

irc
le

. 
It 

is 
th

er
e 

th
at

 w
e 

w
ill

 p
ro

ve
 th

is 
id

en
tit

y,
 a

s i
t i

s v
er

y 
ea

sy
 to

 d
o 

w
he

n 
w

e 
vi

ew
 it

 g
ra

ph
ic

al
ly

. 

It 
w

ou
ld

 b
e 

sa
fe

 t
o 

as
k 

if 
th

is 
is 

th
e 

on
ly

 s
uc

h 
re

la
tio

ns
hi

p 
be

tw
ee

n 
co

fu
nc

tio
ns

. F
or

 
ex

am
pl

e,
 is

 ta
n

2
𝛼

+
co

t2
𝛼

 a
lso

 e
qu

al
 to

 o
ne

? 
Yo

u 
w

ill
 e

xp
lo

re
 th

at
 in

 th
e 

ex
er

ci
se

s. 

 In
 §
2

, w
e 

br
ie

fly
 i

nt
ro

du
ce

d 
th

e 
Re

ci
pr

oc
al

 T
rig

 f
un

ct
io

ns
, s

uc
h 

as
 S

ec
an

t. 
Th

es
e 

ar
e 

de
fin

ed
 a

s 
th

e 
re

ci
pr

oc
al

s 
of

 th
ei

r r
es

pe
ct

iv
e 

Tr
ig

 fu
nc

tio
n.

 In
 c

as
e,

 fo
r e

xa
m

pl
e,

 w
e 

w
an

t 
to

 f
in

d 
th

e 
ra

tio
 o

f 
th

e 
hy

po
te

nu
se

 t
o 

th
e 

op
po

si
te

, w
e 

w
ou

ld
 t

he
n 

us
e 

th
e 

Co
se

ca
nt

 
fu

nc
tio

n.
 A

nd
 s

in
ce

 

cs
c
𝛼

=
h

yp
o

te
n

u
se

o
p

p
o

si
te

 

w
hi

le
 

si
n
𝛼

=
o

p
p

o
si

te

h
yp

o
te

n
u

se
, 

w
e 

re
co

gn
iz

e 
th

at
 th

es
e 

ar
e 

re
ci

pr
oc

al
s 

(th
us

 th
e 

na
m

e)
. 

Re
ca

ll 
th

at
 o

ne
 w

ay
 w

e 
ca

n 
w

rit
e 

a 
re

ci
pr

oc
al

 is
 t

o 
pu

t 
it 

un
de

r 
on

e.
 L

et
’s 

pu
t 

th
at

 in
to

 
sy

m
bo

ls.
 If

 𝑎
 is

 s
om

e 
nu

m
be

r, 
an

d 
w

e 
w

an
t t

o 
fin

d 
its

 re
ci

pr
oc

al
, w

e 
ca

n 
ju

st
 e

va
lu

at
e 

(o
r 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

    
v  A

nd
 if

 y
ou

 h
av

en
’t 

m
em

or
iz

ed
 it

, t
ha

t’s
 o

k 
to

o.
 Y

ou
 w

ill
 th

en
 n

ee
d 

to
 c

on
st

ru
ct

 a
 3

0
°
−

6
0

°
−

9
0

° t
ria

ng
le

 
an

d 
w

rit
e 

ou
t t

he
 ra

tio
, t

he
n 

si
m

pl
ify

 w
ha

t y
ou

 h
av

e.
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le
av

e,
 if

 w
e 

pr
ef

er
) 1 𝑎

. S
o 

if 
w

e 
w

an
t t

o 
fin

d 
th

e 
re

ci
pr

oc
al

 o
f t

he
 n

um
be

r 
3 4
, w

e 
ju

st
 n

ee
d 

to
 

ev
al

ua
te

 1 3 4

, w
hi

ch
 is

 4 3
, a

s 
yo

u 
sh

ou
ld

 v
er

ify
. 

W
ith

 th
is 

in
 m

in
d 

w
e 

ca
n 

no
w

 d
ef

in
e 

th
e 

Re
ci

pr
oc

al
 id

en
tit

ie
s. 

Re
ci

pr
oc

al
 id

en
tit

ie
s 

si
n
𝛼

=
1

cs
c
𝛼

,
cs

c
𝛼

=
1

si
n
𝛼

 

O
f c

ou
rs

e,
 t

he
re

 a
re

 o
th

er
 r

ec
ip

ro
ca

l i
de

nt
iti

es
, b

ut
 y

ou
 w

ill
 w

rit
e 

th
e 

re
m

ai
nd

er
 in

 y
ou

r 
ex

er
ci

se
s. 

Le
t u

s 
no

w
 p

ut
 th

es
e 

id
en

tit
ie

s 
to

 u
se

. 

Ex
am

pl
e 

5a
 

Si
m

pl
ify

 si
n
𝛼

c
sc
𝛼

+
c
o
s
𝛼

se
c
𝛼

. 

Th
e 

ke
y 

to
 th

is
 p

ro
bl

em
 is

 to
 re

w
rit

e 
th

is
 e

xp
re

ss
io

n 
in

to
 s

om
et

hi
ng

 e
as

ie
r. 

So
 w

ha
t w

e’
ll 

w
an

t 
to

 d
o 

is 
id

en
tif

y 
so

m
e 

as
pe

ct
 o

f t
he

 e
xp

re
ss

io
n 

th
at

 c
an

 b
e 

re
w

rit
te

n.
 In

 t
hi

s 
ca

se
, 

le
t’s

 tr
y 

re
w

rit
in

g 
cs

c
𝛼

 a
nd

 s
ee

 w
ha

t w
e 

ge
t. 

Si
nc

e 

si
n
𝛼

cs
c
𝛼

=
si

n
𝛼
∙

1

cs
c
𝛼

 

an
d 

1

c
sc
𝛼

=
si

n
𝛼

, w
e 

ca
n 

sa
y 

th
at

 

si
n
𝛼

cs
c
𝛼

=
si

n
2
𝛼

. 

Th
is 

sa
m

e 
pr

oc
ed

ur
e 

w
ill

 re
ve

al
 th

at
 co

s
𝛼

se
c
𝛼

=
co

s2
𝛼

. 

So
 w

e 
ca

n 
re

w
rit

e 
ea

ch
 a

dd
en

d 
in

 o
ur

 o
rig

in
al

 p
ro

bl
em

 a
nd

 w
e 

en
d 

up
 w

ith
 

si
n

2
𝛼

+
co

s2
𝛼

, 

w
hi

ch
 is

n’
t t

oo
 b

ad
. B

ut
 w

e 
ca

n 
re

w
rit

e 
th

at
 e

xp
re

ss
io

n 
as

 s
om

et
hi

ng
 e

ve
n 

m
or

e 
sim

pl
e!

 
Si

nc
e 

th
at

 is
 a

 P
yt

ha
go

re
an

 id
en

tit
y 

an
d 

is
 e

qu
al

 to
 o

ne
, o

ur
 fi

na
l r

es
ul

t i
s 

sim
pl

y 

1
. 

H
ow

 d
id

 w
e 

kn
ow

 to
 c

ha
ng

e 
cs

c
𝛼

 a
nd

 se
c
𝛼

? 
N

ot
hi

ng
 b

ut
 in

tu
iti

on
 –

 in
 o

th
er

 w
or

ds
, w

he
n 

w
e 

w
or

k 
w

ith
 t

he
se

 s
or

ts
 o

f 
pr

ob
le

m
s, 

th
er

e 
is

 n
o 

pr
es

cr
ib

ed
 m

et
ho

d 
to

 s
im

pl
ify

 t
he

 
ex

pr
es

sio
n.

 E
xp

er
ie

nc
e 

is
 a

 b
ig

 h
el

p,
 b

ut
 d

o 
no

t 
un

de
re

st
im

at
e 

pl
an

ni
ng

 a
nd

 p
at

ie
nc

e,
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ei
th

er
. A

nd
 o

f c
ou

rs
e,

 y
ou

 m
us

t b
e 

w
el

l-v
er

se
d 

in
 th

e 
va

rio
us

 id
en

tit
ie

s 
th

at
 w

e’
ve

 le
ar

ne
d 

so
 fa

r. 
Yo

u’
ll 

fin
d 

th
at

 if
 y

ou
 d

on
’t 

kn
ow

 th
e 

id
en

tit
ie

s v
er

y 
w

el
l t

ha
t s

im
pl

ify
in

g
ex

pr
es

sio
ns

 
in

 th
is 

m
an

ne
r w

ill
 b

e 
ve

ry
 d

iff
ic

ul
t. 

N
o 

m
at

te
r h

ow
 g

oo
d 

yo
u 

be
co

m
e 

at
 th

es
e 

id
en

tit
ie

s, 
ho

w
ev

er
, b

e 
pr

ep
ar

ed
 t

o 
sp

en
d 

so
m

e 
tim

e 
w

ith
 t

he
m

. E
ve

n 
ve

ry
 g

oo
d 

m
at

he
m

at
ic

ia
ns

 
so

m
et

im
es

 st
ru

gg
le

 w
ith

 th
es

e,
 so

 d
on

’t 
fe

el
 in

co
m

pe
te

nt
 if

 y
ou

 d
on

’t 
ge

t t
he

 a
ns

w
er

 ri
gh

t 
aw

ay
. 

O
ne

 ru
le

 o
f t

hu
m

b 
w

hi
ch

 w
e’

ll 
re

ite
ra

te
 to

 y
ou

:  
Yo

u 
w

ill
 m

os
t l

ik
el

y 
w

an
t t

o 
co

nv
er

t a
ny

 
Tr

ig
 fu

nc
tio

ns
 in

to
 S

in
e 

or
 C

os
in

e,
 if

 p
os

sib
le

. W
e 

ha
ve

 m
an

y 
id

en
tit

ie
s 

w
hi

ch
 w

or
k 

w
ith

 
Si

ne
 a

nd
 C

os
in

e,
 b

ut
 o

nl
y 

a 
fe

w
 t

ha
t 

w
or

k 
w

ith
 t

he
 r

ec
ip

ro
ca

l T
rig

 f
un

ct
io

ns
. T

hi
s 

isn
’t 

al
w

ay
s 

th
e 

ca
se

, b
ut

 it
’s 

us
ua

lly
 th

e 
be

st
 p

la
ce

 to
 s

ta
rt

. 

Ex
am

pl
e 

5b
 

Si
m

pl
ify

 s
in
𝛼

c
o
s
𝛼
.  

Yo
u 

sh
ou

ld
 h

av
e 

al
re

ad
y 

fo
un

d 
th

is 
ou

t i
n 

th
e 

Ex
er

ci
se

s 
in

 th
e 

pr
ev

io
us

 s
ec

tio
n,

 b
ut

 th
is 

on
e 

is 
so

 im
po

rt
an

t t
ha

t g
oi

ng
 o

ve
r i

t a
 s

ec
on

d 
tim

e 
w

ill
 b

e 
he

lp
fu

l t
o 

yo
u.

 N
ot

e 
th

at
 th

e 
pr

oc
ed

ur
e 

w
e 

us
e 

he
re

 w
ill

 v
er

y 
ra

re
ly

 b
e 

us
ed

 b
y 

yo
u 

in
 y

ou
r 

Ex
er

ci
se

s. 
Bu

t 
ag

ai
n,

 t
he

 
re

su
lt 

is
 s

o 
im

po
rt

an
t w

e 
fe

el
 it

 n
ec

es
sa

ry
 to

 in
cl

ud
e.

 

O
ne

 w
ay

 w
e 

ca
n 

re
w

rit
e 

si
n
𝛼

 a
nd

 c
o

s
𝛼

 is
 in

 t
er

m
s 

of
 t

he
ir 

ra
tio

s. 
Bu

t 
ra

tio
s 

re
qu

ire
 a

 
tr

ia
ng

le
, r

ig
ht

? 
An

d 
w

e 
do

n’
t 

ha
ve

 o
ne

, s
o 

w
ha

t 
sh

al
l w

e 
do

? 
W

el
l, 

ho
w

 a
bo

ut
 w

e 
m

ak
e 

on
e?

 C
on

si
de

r F
ig

ur
e 

46
, w

hi
ch

 w
ill

 a
llo

w
 u

s 
to

 fi
nd

 th
e 

ra
tio

s 
of

 o
ur

 tw
o 

Tr
ig

 fu
nc

tio
ns

. 

 

 

W
ith

 th
is 

in
 m

in
d,

 w
e 

ca
n 

no
w

 s
ub

st
itu

te
, s

in
ce

 s
in
𝛼

=
𝑎 𝑐
 a

nd
 c

o
s
𝛼

=
𝑏 𝑐
, w

e 
ha

ve
 

si
n
𝛼

co
s
𝛼

=

𝑎 𝑐 𝑏 𝑐

 . 

Fi
gu

re
 4

6 

Th
is 

isn
’t 

th
e 

on
ly

 w
ay

 y
ou

 c
an

 d
ra

w
 th

is 
tr

ia
ng

le
, e

ith
er

. T
he

 k
ey

 is
 ju

st
 to

 d
ra

w
 o

ne
. 
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Re
ca

ll 
th

at
 o

ne
 c

an
 d

iv
id

e 
tw

o 
fra

ct
io

ns
 b

y 
m

ul
tip

ly
in

g 
by

 th
e 

re
ci

pr
oc

al
. T

hu
s 

w
e 

ha
ve

 
𝑎 𝑐
∙
𝑐 𝑏

. 

Bu
t 𝑐 𝑐

 is
 o

ne
, a

nd
 th

er
ef

or
e 

th
e 
𝑐 

va
lu

es
 c

an
ce

l o
ut

. T
hi

s 
le

av
es

 u
s 

w
ith

 

𝑎 𝑏
. 

Th
is 

is
 a

 ra
tio

! A
nd

 in
 fa

ct
, it

 is
 n
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